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Abstract 

We argue that the consistent implementation of the multiple point principle (MPP) 
in the general non-supersymmetric two Higgs doublet model (2HDM) can lead to a 
set of approximate global custodial symmetries that ensure CP conservation in the 
Higgs sector and the absence of flavour changing neutral currents (FCNC) in the 
considered model. In particular the existence of a large set of degenerate vacua at 
some high energy scale A caused by the MPP can result in approximate U{1) and 
Z2 symmetries that suppress FCNC and CP-violating interactions in the 2HDM. 
We explore the renormalisation group (RG) flow of the Yukawa and Higgs couplings 
within the MPP inspired 2HDM with approximate custodial symmetries and show 
that the solutions of the RG equations are focused near quasi-fixed points at low 
energies if the MPP scale scale A is relatively high. We study the Higgs spectrum 
and couplings near the quasi-fixed point at moderate values of tan f3 and compute 
a theoretical upper bound on the lightest Higgs boson mass. If A > 10^'^ GeV 
the lightest CP-even Higgs boson is always lighter than 125 GeV. When the MPP 
scale is low, the mass of the lightest Higgs particle can reach 180 — 220 GeV while 
its coupling to the top quark can be significantly larger than in the SM, resulting 
in the enhanced production of Higgs bosons at the LHC. Other possible scenarios 
that appear as a result of the implementation of the MPP in the 2HDM are also 
discussed. 
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1 Introduction 



The understanding of the origin of the strong suppression of flavour changing neutral 
current (FCNC) transitions observed in Nature together with the origin of CP violation, 
are among the major outstanding problems in particle physics. In the standard model 
(SM) CP violation arises from the phase of the CKM matrix [l]-[2] and from the 
term" in the QCD Lagrangian. Within the SM the particle content, gauge invariance 
and renormalizability imply the absence of FCNC transitions at the tree level. At one- 
loop, they are further suppressed by light quark masses (when compared to Mw), i-e. 
through the GIM mechanism [3], and by small mixing between the third and the first two 
generations. 

However because of the possible presence of new physics the SM should be regarded 
as an effective "low energy" theory which, up to some scale A, is a good approximation 
to the more fundamental underlying theory. Therefore the renormalizable interactions of 
the SM are in general supplemented by higher dimensional interaction terms suppressed 
by some powers of the scale A. These new interactions introduce new sources of CP 
violation. In the considered case SU{3)c x SU{2)w x U{1)y invariance is not sufficient 
any more to protect the observed strong suppression of the FCNC processes. Under these 
circumstances we may expect that either the scale A is hugj^or dangerous new interactions 
are absent because of symmetries of the underlying theory. If the only suppression of 
FCNC processes is due to the scale A, then there is a tension between the new physics 
scale which is required in order to solve the hierarchy problem and the one which is needed 
in order to satisfy the experimental bounds from flavour physics. This is the so-called 
new physics flavour problem |3]. 

In this article we consider the multiple point principle (MPP) [5]-[7j as a possible 
mechanism for the suppression of the flavour changing neutral current and CP-violation 
effects within the general non-supersymmetric two Higgs doublet extension of the SM 
[H]-[n]- The violation of CP invariance and the existence of tree-level flavour-changing 
neutral currents are generic features of SU{2)w x U{1)y theories with two and more Higgs 
doublets. Potentially large FCNC interactions appear in these models, because the diago- 
nalization of the quark mass matrix does not automatically lead to the diagonalization of 
the two or even more Yukawa coupling matrices, which describe the interactions of Higgs 
bosons with fermionic matter. Moreover the Higgs potential of the two-Higgs doublet 
model (2HDM) contains a lot of new couplings. Some of them may be complex, resulting 

^The strongest bounds are obtained from if" — if mixing and CP violation in K meson decay 
measurements that forbid any A below 10'' TeV. The measurements of CP violation in B meson decay 
as well as in. D° -D° and B° -W mixings imply that A > 10^ TeV [4]. 
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in CP violation in the Higgs sector [T0]-[l5]. Although one can eliminate the violation 
of CP invariance in the Higgs sector and tree-level FCNC transitions by imposing a dis- 
crete Z2 symmetry, such a symmetry leads to the formation of domain walls in the early 
Universe [16j which create unacceptably large anisotropies in the cosmic microwave back- 
ground radiation . Therefore in practice it is necessary to impose only an approximate 
symmetry, typically broken by soft mass terms. 

The MPP postulates the existence of many phases with the same energy density 
which are allowed by a given theory [3]-[7j. When applied to the SM, the multiple point 
principle implies that the Higgs effective potential possesses two degenerate minima taken 
to be at the electroweak and Planck scales respectively. The degeneracy of vacua at the 
electroweak and Planck scales can be achieved only if (see [18]) 

Mt = 173±4GeV, MH = 135±9GeV. (1) 

This MPP prediction for the Higgs mass lies on the SM vacuum stability curve [H], |19j- 
[HT] corresponding to the cut-off A = Mpi The hierarchy between the electroweak and 
Planck scales might also be explained by MPP within the pure SM, if there exists a third 
degenerate vacuum [32]-[M]. 

If we require the vacuum we live in to be just metastable w.r.t. decay into the sec- 
ond vacuum, rather than being exactly degenerate with it, and otherwise make similar 
assumptions to those in [18] , the energy density in the second vacuum falls below that of 
the vacuum in which we live. Consequently the Higgs mass is then predicted to be a bit 
smaller. With the value used in this article for the top quark mass |35j, Mf = 171.4 ± 2.1 
GeV, the value predicted for the Higgs mass from borderline metastability of our vacuum, 
which we call meta-MPP [36], becomes Mu = 118.4± 5 GeV. This is remarkably close to 
the two-standard deviation hint of a Higgs signal seen in LEP [37] at 115 GeV. 

In previous papers [3H]-[in] the MPP assumption has been adapted to models based 
on (A^ = 1) local supersymmetry - supergravity, in order to provide an explanation for 
the small deviation of the cosmological constant from zero. Recently we also considered 
the application of the MPP to the SUSY inspired two Higgs doublet model of type II [H] . 
We established MPP conditions in this model and discussed the restrictions on the mass 
of the SM-like Higgs boson caused by the MPP. Here we are going to extend this analysis 
to the general 2HDM. 

In the next section we specify the model. In section 3 we present the derivation of 
the MPP conditions that result in approximate custodial U{1) and Z2 symmetries. The 
renormalisation group (RG) flow of Yukawa couplings within these MPP inspired two 

^The requirement of the validity of perturbation theory up to the Planck scale leads to an upper 
bound on Mh in the SM, which is about 180 - 190 GeV [TOj-j^g]. 
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Higgs doublet models is considered in section 4. In particular, we establish the positions 
of quasi-fixed points and argue that the quasi-fixed point scenarios with large tan (3 lead 
to unacceptably large values of the top quark mass. In section 5 we study the evolution of 
Higgs self-couplings and analyse the spectrum of Higgs bosons and their couplings near 
the quasi-fixed point at moderate tan/?. We examine the phenomenological viability of 
other possible MPP solutions in section 6. Our results are summarised in section 7. In 
Appendix A the /5-functions of Higgs self-couplings in the general two Higgs doublet 
extension of the SM are presented. The derivation of the other MPP conditions that do 
not give rise to an approximate custodial U{1) symmetry is discussed in Appendix B. 



2 Two Higgs doublet extension of the SM 



The most general renormalizable SU{2)w x U{1)y gauge invariant potential of the model 
involving two Higgs doublets is given by 



ml{^)HlH2 + h.c. 



+ 



(2) 



+ 



where 



Hr, 



n= 1,2. 



{Hli + zA:)/V2 

It is easy to see that the number of couplings in the two Higgs doublet model potential 
compared with the SM grows from two to ten. Furthermore, four of them m|, A5, Xq 
and A7 can be complex, inducing CP-violation in the Higgs sector. In what follows we 
suppose that the mass parameters and Higgs self-couplings Aj of the effective potential 
(E]) only depend on the overall sum of the squared norms of the Higgs doublets, i.e. 



$2 = $2 _^ $2 



HlH, 



0\2 



+ \Xr 



The dependence of ml and Aj on $ is described by the renormalization group equations, 
where the renormalization scale is replaced by $. 

At the physical minimum of the scalar potential ([2]) the Higgs fields develop vacuum 
expectation values 

< Hi >=v,, < Hi >= V2 (3) 

breaking the SU{2)]y x f/(l)y gauge symmetry to f/(l)em associated with electromag- 
netism and generating the masses of all bosons and fermions. The overall Higgs norm 
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< $ >= \l = —= = 174 GeV is fixed by the Fermi scale. At the same time 

V 2 72 ^ 

the ratio of the Higgs vacuum expectation values remains arbitrary. Hence it is convenient 

to introduce tan/3 = |f2|/|'yi|. 

As has been already mentioned in the Introduction, the Yukawa interactions of the 
Higgs fields Hi and H2 with quarks and leptons generate phenomenologically unwanted 
FCNC transitions. In particular these interactions contribute to the amplitude of K^—T^ 
oscillations and give rise to new channels of muon decay like yU e^e^e^ . The common 
way to suppress flavour changing processes is to impose a certain protecting custodial Z2 
symmetry that forbids potentially dangerous couplings of the Higgs fields to quarks and 
leptons [12] . Such a custodial symmetry requires the vanishing of the Higgs couplings Xq 
and A7. It also requires the down-type quarks to couple to just one Higgs doublet, Hi say, 
while the up-type quarks couple either to the same Higgs doublet Hi (Model I) or to the 
second Higgs doublet H2 (Model II) but not botlj^. In fact, as we shall use in subsection 
3.3, it is possible to generalise the idea of such a Z2 symmetry so that each fermion couples 
to just one Higgs field {Hi or H2) but in a generation dependent way. The custodial Z2 
symmetry forbids the mixing term m'^{^){HlH2) in the Higgs effective potential ([2]). But 
usually a soft violation of the Z2 symmetry by dimension-two terms is allowed, since it 
does not induce Higgs-mediated tree-level flavor changing neutral currents (FCNC). 

The set of RG equations that determines the running of Yukawa and Higgs couplings 
in the two Higgs doublet model with exact and softly broken Z2 symmetry can be found 
in [13]-[17]. The constraints on the Higgs masses in the 2HDM with an unbroken Z2 
symmetry have been examined in a number of publications The analysis of [Hlj 

was performed assuming vacuum stability and the applicability of perturbation theory 
up to a high energy scale (of order the grand unification scale), revealing that then all 
Higgs boson masses lie below 200 GeV. A very stringent restriction on the masses of 
the charged and pseudoscalar states was found. They do not exceed 150 GeV. However 
such a light charged Higgs boson is ruled out by the direct searches for the rare B-meson 
decays {B Xs'y) in the Model II of the 2HDM, which cannot therefore be valid with 
an unbroken Z2 symmetry up to the unification scale. The theoretical restrictions on the 
mass of the SM-like Higgs boson within the 2HDM with a softly broken Z2 symmetry 
were studied in [55]. 

We emphasize that, in this article, we do not impose any custodial symmetry but 
rather consider the general Higgs potential ([2]). Instead we require that at some high 
energy scale {Mz << A < Mpi), which we shall refer to as the MPP scale A, a large set 



■^Similarly the leptons are required to only couple to one Higgs doublet, usually chosen to be the same 
as the down-type quarks. However there are variations of Models I and H, in which the leptons couple 
to H2 rather than to Hi. 
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of degenerate vacua allowed by the 2HDM is realized. In compliance with the MPP, these 
vacua and the physical one must have the same energy density. Thus the MPP implies 
that the couplings Aj(A) should be adjusted so that an appropriate cancellation among 
the quartic terms in the effective potential takes place. 

Here and further we impose a certain hierarchical structure on the Yukawa couplings. 
To explain the observed mass hierarchy in the quark and lepton sectors, we assume that 
the Yukawa couplings of the quarks and leptons of the third generation are considerably 
larger than the quark and lepton Yukawa couplings of the first two generation. In this 
approximation the part of the 2HDM Lagrangian describing the interactions of quarks 
and leptons with the Higgs doublets Hi and H2 reduces to 

Cvuk ^ ht{H26Q)tn + gi,{HlQ)bR + ^,(if|L)f^+ 

+gt{HieQ)tR + h{HlQ)bR + K{HlL)fR + h.c. , 
where Q and L are left-handed doublets of quarks and leptons of the third generation, 
while T/j, tR and hR are right-handed SU{2)w singlet components of r-lepton, t- and h- 
quarks. The running of the Yukawa couplings of the third generation obey the following 
set of differential equations: 



(4) 



dgt 
dt 



dht 
"dt 

dhb 



dgb 
dt 



167r2 
-9t 



9t \ ^\9t\ 



1 



-ht 



9,. ,2 3,, 
+ T^ht +-h 



2 I ^ 2 I -'-'^2 
93 + 192 + Y^^i 

9 



+ T,\9b? + l^rl^ ]+ht\9bhl + grK 



ht\ i^\9tV + 7^\htV + -\hV + -\9bY + \9rV]+9t\ hg; + Kg* 

9 



2 I 2 I ^'^2 

93 + 192 + -^91 



167r2 



9 



9 



hb\ M + + ol^bl + ol^bl + \hr\ ]+9b\ ht9l + hr9r 



2 

-hb [ 8gl + ^gl 



(5) 



12 



9b 



\9t\^ + + + M 



+hb 9tK + 9tK - 



-9b { 8gl + -gl + —gl 



dhr 
~dt 



dgr 
dt 



167r2 
'9 



hT\'i\9t\ +3|/ib| + -\hr\ + -\9t\ 



^9r hgl + htgl - 



-hr [ ^92 + -j9i 



167r2 
'9 



gr[^\ht\ +3|fl'fe| + -\hr\ + 7;\9t\ j+^Ki gbK + gth^ 



-97 



2 -^^2 

4^2 + 



where t = In ^ and fi is the renormalization scale. Also the gi{^) are here the gauge 
couplings for the U{1)y, SU{2)]y and SU{3)c interactions. 
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3 MPP conditions as an origin of the approximate 
custodial symmetries in the 2HDM 



3.1 Philosophy of using MPP in 2HDM 

It is our philosophy that, unless the parameters - couplings and masses - are restricted by 
some symmetry or other principle, we expect them to be essentially random. A priori the 
2HDM has only the gauge symmetries and the general Poincare symmetries. Just impos- 
ing the approximate symmetry needed to rescue the 2HDM from immediate disagreement 
with experimental facts, such as the absence of FCNC, looks like an ad hoc invention to 
cure the model. 

In this paper we argue that such an approximate custodial symmetry can originate 
from the multiple point principle (MPP). Indeed we know that the MPP requirement of 
many degenerate vacua immediately gets fulfilled in models which possess extra global 
symmetries. One of the most famous examples of a symmetry that leads to a set of 
degenerate vacua is supersymmetry (SUSY). In exact SUSY models there are typically 
many minima (often even flat directions) in the scalar potential with just zero vacuum 
energy density. However, in phenomenologically acceptable models based on softly broken 
supersymmetry, MPP conditions are realised automatically but only up to soft terms in 
the Lagrangian. Therefore here we shall similarly postulate "hard MPP", in which we 
impose the degeneracy of vacua with only a limited accuracy set by the size of the soft 



mass termi 



a 



in the Lagrangian. In contrast with an exact MPP, "hard MPP" gives rise 
to approximate global symmetries. 

As a concrete realisation of such "hard MPP" , we ignore the mass terms in the poten- 
tial ([2]) and establish a relation between the MPP and global custodial U{1) symmetries 
within the 2HDM which we shall refer to as a generalised (i.e. generation dependent) 
Peccei-Quinn symmetry. The MPP requirement of a set of degenerate vacua at some 
high energy scale A leads to a spontaneously broken global U{1) custodial symmetry. 
Then we take into account the contribution of mass terms in the potential ([2]) and allow 
vacua to be approximately degenerate at the MPP scale. This gives rise to a set of custo- 
dial symmetry violating couplings. These couplings allows to avoid any problems related 
with the presence of Nambu-Goldstone bosons in the particle spectrum that are usually 
unacceptable phenomenologically. 



''it should be noted here that in practice we also neglected the soft Higgs mass term in the vacuum 
degeneracy condition used in the application of MPP to the SM [TH] . 
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3.2 Symmetry derivations from MPP in the leading approxima- 
tion 



Now, we aim to specify the largest possible set of global minima of the 2HDM scalar 
potential with almost vanishing energy density, which may exist at the MPP high energy 
scale A where the mass terms in the potential (E]) can be neglected. The most general 
vacuum configuration takes the form: 

\ /sine 



< Hi >= $1 



< Hn >= $9 



cos 6 e" 



(6) 



where $^ + $2 = Here, the gauge is fixed so that only the real part of the lower 
component of Hi gets a vacuum expectation value. 

Let us assume that the 2HDM scalar potential ([2]) possesses a set of vacua in which the 
energy density goes to zero for all possible values of the phase u. The degeneracy of the 
vacuum configuration ([U]) with respect to u implies that cos 6*, $1 and $2 gain non-zero 
values at the corresponding minima. It also requires that the 2HDM scalar potential and 
all its partial derivatives are independent of u at the MPP scale, i.e. 



A5($)$l$^+/?A5($) 



2$2 



A6($)$?$2 + A7(<l>)$i$2 



cosOe''' + h.c. = (7) 



$2 



$2 



cose'e*'^ + h.c 



(8) 



A5($)$?$2 + /?As($) 



cos"ee2^"+ 



A6($)$? + /5Ae($) 



$3^2 
$2 



2$2 

2+3A7($)$^$i+/3a,($)^2 



cosee*"^ + h.c. 



0. (9) 



Here ;3a,($) 



rfA,($) 



is the renormalisation group beta function for the Higgs self- 



(i In <l> 

coupling Aj($). It is readily verified that the vanishing of the coefficients of e*"^ and e^*"^ 
in Eqs. ((Tj) - ([H]) leads to the conditions: 

A5(A) = A6(A) = Ar(A) = 0, /3a, (A) = (3xM + /3xM = 0. (10) 

Taking into account the derived MPP conditions fllOl) and substituting the vacuum 
configuration into the quartic part of the 2IIDM potential, one finds for any $ ~ A: 

V{Hi,H2) ^ ^(^^Xi{<t>)<t>l-^X2{<^)<^i^ + 



+ 



Ai(<l>)A2($) + A3($) + A4($) cos^ e 



11) 
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The Higgs scalar potential (ITTl) attains its minimal value for cos^ = if A4(A) > 
or cosO = ±1 when A4(A) < 0. Since the degeneracy of the vacuum configuration ([6]) 
with respect to uj may be realised only if cos 6* has a non-zero value, the self-consistent 
implementation of the MPP requires A4(A) to be negative. Then around the minimum 
the scalar potential can be written as 

(12) 



1 



ViH,, H2)^-[ VAi($)<f? - VA2(<f)<f 



A(<l>)$f$ 



2 ) 



where A = A/A1A2 + A3 + A4 . If near the MPP scale the combination of the Higgs self- 
couplings A($) is less than zero, then there exists a minimum with huge and negative 
energy density that hampers the MPP implementation. Otherwise when A($) > the 
Higgs potential (1121) is always positive definite, which spoils the consistent implementation 
of the MPP as well. Thus, in order to get a set of degenerate vacua in which the energy 
density tends to zero for all possible values of the phase u at the MPP scale, one has to 
assume that A(A) = . Then V{Hi, H2) reaches a minimal value at 

1/4 

$1 = A cos 7, $2 = A sin 7, tan7 = ( ^ | . (13) 




le vanishing of partial derivatives of the scalar potential 



Next we should also require t 
T2I) with respect to $1 and $2^- This results in another MPP condition: 

h (A) = ^/?A, (^) + (A) + /?A, (A) 



0. 



(14) 



The MPP conditions mentioned above give rise to the following set of MPP scale vacua 



< Hi >-- 




< Ho >-- 





$2 6*' 



(15) 



which have zero energy density for any u. The Higgs field norms $1 and $2 in Eq. (ITSl) 
are defined by the equations for the extrema of the 2HDM potential whose solution is 
given by Eq. (fT3l) . 

Combining Eqs. (ITOll and (|T3l) and using the explicit form of the /3-functions for the 
Higgs self-couplings given in Apendix A, one obtains two conditions that quark and lepton 
Yukawa couplings should obey if MPP is realised in Nature: 



3ht{A)g;'{A) + K{A)g:'{A) = 



(16) 



^hiA)g;iA) 



V%(a)|ma)|2 + v/a;(a)|^?,(a)P 



+ 



+K{A)g:iA) 



0. 



(17) 



^The partial derivative dV/dO goes to zero when cos 9 — > ±1. 
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To simplify calculations we use here the basis in the field space where 
doublet H2 interacts with the top-quark at the scale A, i.e. 5't(A) = 
f fT6|) - f|T71) are fulfilled simultaneously only if 



only one Higgs 
0. Conditions 



(J) h,{K) = K{K) = Q- 
{III) h,{K) = g,{k) = Q- 



{II) g,{A)=g^{A)=0- 

{IV) g,{A) = hr{A) = 0. 



(18) 



The solutions (/) — {IV) correspond to the 2HDM Model 1 and Model II Yukawa couplings 
and their leptonic variations. In these models the MPP conditions reduce to 



The MPP conditions were formulated in exactly this form in [H], where the multiple 
point principle was applied to the Model II of the two Higgs doublet extension of the 
SM. It is worth noting that the relations corresponding to Eq.f ll9l) are satisfied identically 
in the minimal SUSY model (MSSM) at any scale lying higher than the masses of the 
superparticles. 

Usually the existence of a large set of degenerate vacua is associated with an enlarged 
global symmetry of the Lagrangian of the considered model. The 2HDM is not an excep- 
tion. In all the models (/ — IV), the quartic part of the Higgs effective potential and 
the Lagrangian describing the interactions of quarks and leptons with the Higgs fields (HI) 
are invariant under Z2 symmetry transformations at the MPP scale, which prevent the 
appearance of fiavour changing neutral currents at the tree level. Moreover when m|, A5, 
Ag and A7 vanish, the full Lagrangian of the 2HDM is invariant under the transformations 
of an SU (2) x [f/(l)]^ global symmetry. The mixing term ni^{H\ll2) in the Higgs effective 
potential ([2]), which we have neglected at the MPP scale, softly breaks the Z2 and extra 
U{1) (Peccei-Quinn) symmetries but it does not create new sources of CP-violation or 
FCNC transitions. Indeed, the renormalization group flow preserves the invariance of the 
quartic part of the Higgs effective potential ([2]), as well as the invariance of the Lagrangian 
of the interactions of fermions with the Higgs fields, under the transformations of the Z2 
and Peccei-Quinn symmetries. This means that, if the Peccei-Quinn symmetry violating 
Yukawa or Higgs couplings are set to zero (or small) at some scale A, they will remain 
zero (or small) at any scale below A. In the Higgs sector of the general 2HDM, only the 
imaginary parts of m|, A5, Ae and Ay cause CP-non-conservation. Since MPP suppresses 
the Higgs self-couplings which are responsible for the violation of the CP-invariance and 
the complex phase of m\ can be easily absorbed by the appropriate redefinition of the 
Higgs fields, MPP protects the CP-invariance within the two Higgs doublet extension of 
the SM. The tree-level FCNC transitions also do not emerge after the soft breakdown of 




(19) 
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the Z2 and Peccei-Quinn symmetries, simply because the structure of the interactions of 
the quarks and leptons with the Higgs doublets remains intact. 

Of course, one can argue that we only derive the custodial symmetry for the 
interactions of the quarks and leptons of the third generation, while the most stringent 
restrictions on the Peccei-Quinn symmetry violating Yukawa couplings come from the 
FCNC processes involving quarks and leptons of the first two generations. Indeed, the 
MPP conditions for the Yukawa couplings of the third generation obtained above (see 
Eq. dlSp ) cannot be generalised to the three generation case in a straightforward way at 
leading order. 



3.3 MPP symmetry derivation to one loop accuracy 

In this subsection we shall discuss symmetry derivation from MPP to one loop accuracy 
and shall indeed achieve the derivation of a Peccei-Quinn-like symmetry even for the lower 
mass generations. In the case when three generations of quarks and leptons have non- 
negligible couplings to the Higgs doublets, all the SM bosons and fermions contribute to 
the Higgs effective potential. It is then convenient to present the potential in the following 
form 

00 

H2) = J2 Vn{Hi, H2), (20) 

n=0 

where Vq corresponds to the tree level Higgs boson potential, while Vn represents the 
n-loop contribution to In the one-loop approximation we have 



|M| 



2 



log^-C 



(21) 



where M is the mass matrix for the bosons and fermions in the model. Here the supertrace 
operator counts positively (negatively) the number of degrees of freedom for the different 
bosonic (fermionic) fields, C is a diagonal matrix which depends on the renormalisation 

scheme, while n is the renormalisation scale. Previously we restricted our consideration 

IMP $2 

to the leading log approximation, i.e. we replaced log — — by log — in Eq. ( I2T1) and 
summed all the leading logs using the renormalisation group equations. A more accurate 
analysis, which we shall perform in the next paragraph, requires us to take into account 
all terms in Eq. (12T1) . 

The independence of the Higgs effective potential on uj at the MPP scale implies that 
any order partial derivatives of V^jf with respect to 00 vanish at this scale. From Eq. (1211) 
it becomes clear that this can be achieved only when the masses of all the particles are 
independent of u near the MPP scale vacual^. Near the vacuum configuration parametrized 



^This is expected intuitively and can be proved formally by considering Vi as an analytic function of 
z = e^'^, which is required to be constant for \z\ — 1 
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by Eqs. (1131) and (jT5l) . the mass terms of the quarks and leptons take the form 



( M) 




(22) 



(23) 



Here if/ and Gf are 3x3 matrices that replace hf and (?/ in the Lagrangian (jlj). Instead 
of the mass matrices of quarks and leptons (A1 /) one can consider 



MfM) 



MfMj 





MjMf 



(24) 



whose eigenvalues are positive definite and equal to the absolute values of the fermion 
masses squared. The eigenvalues of M.fAi'^j will not depend on u only if 



G\Hf = HjGj = GjHj = HjG\ 



0. 



(25) 



The conditions (125|) can be satisfied only when either det Gf = or det Hf = or both 
determinants vanish. By means of unitary transformations of the right-handed and left- 
handed states, one can easily diagonalise the Yukawa matrices Hf. Then it can be readily 
shown that the solutions of Eq. (l25l) can be written as follows: 

f hf \ ( 



Hf 









hf2 



\ 










hh ) 



v 



9h 











\ 



9h j 



(26) 



The solutions obtained above guarantee the suppression of FCNC processes at the 
MPP scale vacua. Since according to the solutions fl26|) either hf- or gf- equals zero, 
each fermion eigenstate couples to only one Higgs doublet (either Hi or H2) so that the 
conditions of the Glashow- Weinberg theorem [42] are satisfied and non-diagonal flavour 
transitions are forbidden at the tree level. Moreover the MPP solution for the Yukawa 
couplings derived above implies that the Lagrangian for the Higgs-fermion interactions is 
invariant under the symmetry transformations: 



Hi 
H2 



e -Hi, 



u 



u' 



Jf3 ^ii_ 



Rr^ 



d'R. 



e 



■^R^ 



(27) 



Here m^., d'j^., e'^. are right-handed quarks and leptons which couple to Hi while u"^_, 
d'^., e"^. are right-handed fermions that interact with H2- These two global U{1) sym- 
metries fl?n) are responsible for the suppression of FCNC effects in the considered MPP 
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scenaricll. Really one linear combination of these two symmetries - namely the one for 
which a = (3 - is just a symmetry inherited from the Standard Model. It just corresponds 
to a combination of the well-known accidental symmetries of baryon number and lepton 
number conservation together with the weak hypercharge gauge symmetry. The other 
f/(l) symmetry, corresponding to a = —f3, is a generalisation of the Peccei-Quinn chiral 
f/(l) symmetry. It is, of course, only the latter that is truly derived from MPP. It should 
be remarked that the Z2 subgroup of this generalised Peccei-Quinn symmetry, obtained 
by setting a = it and (3 = 0, acts as a custodial symmetry to prevent FCNC 

The renormalisation group flow of Yukawa couplings does not spoil the invariance of the 
Lagrangian describing the interactions of quarks and leptons with the Higgs bosons under 
the custodial symmetry transformations fl27|) . As a consequence the same symmetries 
forbid non-diagonal flavour transitions near the electroweak scale vacuum at the tree 
level. Thus MPP provides a reliable mechanism for the suppression of FCNC processes. 
Some of the MPP solutions given by Eq. ( l26l) are very well known. For example, when 
either Gf or Hf vanishes the suppression of non-diagonal flavour processes is caused by 
the usual Peccei-Quinn symmetry. In this sense the MPP solutions derived above may be 
considered as generalisations of the well-known Peccei-Quinn symmetric solution of the 
FCNC problem. 

There is an important feature that may allow us to distinguish the softly broken 
Peccei-Quinn symmetric solution of the FCNC problem from the MPP inspired two Higgs 
doublet models. The point is that, in the MPP inspired two Higgs doublet extension of 
the SM, the Peccei-Quinn-like symmetry violating Yukawa couplings can have non-zero 
values. Actually, one may notice that we did not require exact degeneracy of vacua at 
the electroweak and MPP scale. Since we ignore all mass terms in the 2HDM potential 
([2]) during the derivation of the MPP conditions, the energy density of the vacua at the 
scale A is expected to be of the order of f ^A^ while the total vacuum energy density at 
the physical vacuum is set by v'^. Thus MPP here postulates the degeneracy of all vacua 
with the accuracy f^A^. It means that the Higgs self-couplings X^ qj{A) which break the 
Peccei-Quinn-like symmetry may take on small but non-zero values, i.e. 

|A5(A)|, |A6(A)|, |Ar(A)|<^. (28) 

Because of this the /3-functions P\rX^) and f3x6{^)^i+ (3\r{A.)^l appearing in Eqs. ([H])-® 
do not vanish exactly as well. This permits us to establish constraints on the values of 



{D^Hi)HD^H2) + h.c. 



in the La- 



^ In principle we should have included a kinetic mixing term k 
grangian. However one can show that the existence of a set of degenerate vacua with respect to uj implies 
that K = Q &i the scale A. Nevertheless small custodial symmetry violating couplings would induce a 
small non-zero value of x 
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the Peccei-Quinn-like symmetry violating Yukawa couplings 




(29) 



px, (A) cos2 7 + (A) sin^ 7 ~ 




where h should be associated with the Yukawa couplings which preserve the Peccei- 
Quinn-like symmetry, while (7 is a typical value of the Peccei-Quinn-like symmetry 
violating Yukawa couplings. Here it is worth emphasizing that any Yukawa coupling 
which breaks the Peccei-Quinn-like symmetry will contribute to the left-hand side of 
Eqs. (1291) . Therefore the inequalities (1291) constrain all Peccei-Quinn-like symmetry vi- 
olating Yukawa couplings, including the ones which induce FCNC transitions of quarks 
and leptons of the first two generations. 

If A is quite close to the Planck scale then all couplings that break Peccei-Quinn-like 
or custodial Z2 symmetries are really tiny: As^g,? ^ 10~^^ and g < 10~^^/h^. When h 
varies from 1 to 10~^, the limits on the Peccei-Quinn-like symmetry violating Yukawa 
couplings change from 10~^^ to 10~^^. For such tiny values of As^e, 7 and g, all CP-violation 
and FCNC effects are extremely strongly suppressed and do not lead to any phenomena 
which could be observed in the near future. 

However, in order to get suitable suppression of the FCNC transitions observed exper- 
imentally, the MPP scale does not necessarily have to be as large as the Planck scale. For 
instance, at very large values of tan/3 in model II of the 2HDM, when /it ~ /i^ ~ 1, the 
appropriate suppression of the Peccei-Quinn-like symmetry violating Yukawa couplings 
in K meson physics may be obtained even for A ~ 100 — 1000 TeV, if we assume that all 
the Peccei-Quinn-like symmetry violating couplings are of the same order of magnitude 
or that their pattern exhibits a hierarchical structure similar to the one suggested by 
Cheng and Sher 

If the 6-quark and r lepton Yukawa couplings are as small as in the SM, i.e. h ~ 10^^, 
then to ensure the absence of large FCNC transitions the MPP scale should be pushed 
up to 10^ — 10^ TeV. The contribution of non-renormalisable terms, arising from new 
physics at such high scales A, to FCNC processes is also negligibly small. In this case 



|A5,6,7| <10-^'-10-l^ 

4 The running of the Yukawa couphngs and the 
quasi— fixed point solutions 



Now we consider the RG flow of the Yukawa couplings within the MPP inspired 2HDM 
with approximate generalised Peccei-Quinn and Z2 symmetries. When the MPP scale 



13 



is relatively high the Peccei-Quinn-like symmetry violating Yukawa and Higgs couplings 
are extremely small, which allows us to suppress non-diagonal flavour transitions and 
CP-violating interactions. Meanwhile, if the interval between the MPP and electroweak 
scales is large enough, the solutions of the RG equations are concentrated in the vicinity 
of the quasi-fixed points. The quasi-fixed point scenario in the 2HDM was analysed in 

mmm- 



4.1 Quasi— fixed point scenario at moderate tan/3 



Because the Yukawa couplings of quarks and leptons of the first two generation, as well 
as the Peccei-Quinn-like symmetry violating Yukawa and Higgs couplings, are negligibly 
small they are irrelevant for our analysis of RG flow. So we return back to the four 
MPP solutions ffTSl) derived in the previous section. Moreover at moderate values of tan (3 
(tan/3 < 10), the Yukawa couplings of the 6-quark and r-lepton are also very small and 
can be safely ignored. As a result the renormalisation group equations ([5]) are simplified 
drastically and an exact analytic solution for the top quark Yukawa coupling may be 
obtained. It can be written as follows: 



2E{1) 
9F{1) 



1 + 



9YtiA)Fil) 



(30) 



E{1) 



"a3(/i)" 


8/7 


a2(/i) 


3/4 


ai(/i) 


-17/84 


_a3(A)_ 




_a2(A). 




_ai(A)_ 





F{1) = / E{l')dl', 



where the index i varies from 1 to 3, 

2 / 7 / w 2 



htijj,) 



h = 7, 62 = -3, h = -7, I = ln(AV/i'), 
If the MPP scale is very high and hf{A) > 1, 



4tt J \ An 

the second term in the denominator of the expression describing the evolution of Yt{fi) is 

much smaller than unity at the electroweak scale. For example, when A is of the order of 



the Planck scale and I 
1 



lo = ln(AVM2), the term 



is approximately equal 



9rt(A)F(/o) 

to — TT, — T- Due to the small numerical coefficient in front of l//i?(A), the dependence of 

hf{fi) on its initial value hf{A) disappears when hf{A) > 1 and all solutions of the RG 
equation for the top quark Yukawa coupling are concentrated in a narrow interval near 
the quasi-fixed point 



9F(/o) 



(31) 



Formally a solution of this type can be obtained in the limit when Yt{A) is infinitely large. 
But in reality the convergence of RG solutions to the quasi-fixed point (IHTj) does not 
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require extremely large values of the top quark Yukawa coupling at the MPP scale, if A 
is high enough. 

In Fig. la we examine the deviations of the solutions of the RG equations from the 
quasi-fixed point (IHTl) at the electroweak scale as a function of the MPP scale. The dash- 
dotted, solid and dashed curves represent the quasifixed point solution {ht{A) >> 1) and 
the solutions to the RG equations that correspond to hf{A) = 10 and hf{A) = 2.25. The 
dash-dotted, solid and dashed lines are rather close to each other at large values of A 
(A > lO^^GeV). This demonstrates that the solutions of the RG equation for ht{fi) are 
attracted towards the quasi-fixed point relatively strongly. At low values of the MPP 
scale, A ~ 10^ — 10^ GeV, the convergence of ht{fi) to the quasi-fixed point is quite weak, 
so that it is rather difficult to get a reasonable prediction for the top quark Yukawa 
coupling at the electroweak scale. Generally the quasi-fixed point solution provides an 
upper bound on ht{Mt). 

The convergence of the RG solutions to the quasi-fixed point allows us to predict the 
value of the top quark Yukawa coupling at the electroweak scale for each fixed value of 
the MPP scale. Then, using the relation between the running mass and Yukawa coupling 
of the t-quark 

mtiM,) = ^^^^vsm(3, (32) 

one can find the value of tan/5 that corresponds to the quasi-fixed point fl3Tl) . Here we 
use the world average mass of the top quark = 171.4 ±2.1 GeV (see |3S]) and the 
relationship between the t-quark pole (Mf) and running {mt{fi)) masses [n^-|68]. 

mm) = mJi - 1.333 - 9.125 ( 1 . (33) 



71 \ 71 



We find that, in the two-loop approximation, mt{Mt) — 161.6 ± 2 GeV. 

The results of our calculations are summarised in Fig. lb, where we set 
mt{Mt) ~ 161.6 GeV. In Fig. lb we plot the values of tan/? that correspond to 
hf{A) » 1, hf{A) = 10 and hf{A) = 2.25 (dash-dotted, sohd and dashed lines re- 
spectively) as a function of the scale A. From this figure it becomes clear that, at large 
values of ht{A) > 1.5, the RG solutions for the top quark Yukawa coupling are gathered 
in the vicinity of tan (3 = 1 at the electroweak scale. The dash-dotted curve in Fig. 1(b) 
corresponds to the maximal possible value of ht{Mt) and, as a consequence, represents 
the lower bound on tan /?. 

4.2 Quasi— fixed point solutions at large tan/3 

When the values of tan /5 are large the solutions of the RG equations are also focused near 
quasi-fixed points, if the appropriate Yukawa couplings at the MPP scale are relatively 
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large. But in this case the position of the quasi-fixed point is model dependent. For 
example, in the model (/) (see Eq. lfTSi) ) 5'fe(A) and (7r(A) cannot be large, because this 
results in large masses for the 6-quark and r-lepton ~ 100 GeV. Therefore, in model (/) 
of the MPP inspired 2HDM, there is only one phenomenologically acceptable quasi-fixed 
point solution which is given by Eq. ( pTl) . 

In the case of the MPP solution {IV) both ht{A) and hb{A) are allowed to be large, 
because the masses of the top and bottom quarks are generated by two different Higgs 
doublets whose vacuum expectation values can be very different and be used to induce a 
large hierarchy between mt{Mt) and mb{Mt). To ensure that mt{Mt) » mr{Mt) in the 
considered model, the r-lepton Yukawa coupling has to be always much smaller than the 
top quark one. Therefore we can neglect Qr in our analysis of the RG flow. Then the two 
remaining RG equations, which describe the evolution of ht{fi) and hh{fi), are invariant 
under the interchange ht{fi) ^ hb{fi), if we ignore the U{1)y gauge coupling which does 
not much affect the running of the Yukawa couplings. In the limit when gi ^ and 
Yt{A) = Yh{A) = Yq, the solutions of the RG equations take the form 



5Fi(/) 



5YoF,{l) (34) 





8/7 


'tt2(yu)" 


3/4 


."3 (A). 




_a2(A)_ 





I 



F,{1) = j E,{l')dl', 



2 



where Yi,{^) = ( ) . Eq. flM|) demonstrates that, at large values of Yq, the solutions 

V 47r y 

of the RG equations for Yt{^) and Yb{fi) approach the quasi-flxed point at the electroweak 
scale: 

F,(M,)^n(M,)^-|^. (35) 
5Fi(/o) 

Substituting the obtained prediction for the 6-quark Yukawa coupling into the equa- 
tion 

mb(Mj) = cos /?, (36) 

which relates the running 6-quark mass mf,{Mt) with its Yukawa coupling at 
the electroweak scale, one can determine the value of tan/5 that corresponds to 
the quasi-flxed point solution ( |35l) . Because ht{Mt) ~ hb{Mt), one flnds that 
tan/5 ^ mt{Mt) / mi,{Mt) = 55 — 60. For such large values of tan/5 the running mass 

of the t-quark does not depend on tan/?, i.e. mt{Mt) ~ -^—J—v, and can also be pre- 

v2 

dieted. The results of our numerical computations are presented in Table 1. From Table 
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1 it is obvious that the quasi-fixed point solution (!35l) for the MPP solution (IV) results 
in an unacceptably large value for the running top quark mass. 

Another quasi-fixed point arises in the framework of the MPP solution (///) (see 
Eq. ffT^ ). In this case the non-zero 6-quark Yukawa coupling Qh has to be negligibly 
small to guarantee that mh{Mt) << mt{Mt). Nevertheless the r-lepton Yukawa coupling 
may be comparable with the top quark one at the MPP scale, since the masses of the 
t-quark and r-lepton are induced by different Higgs doublets. In the limit when the 
6-quark Yukawa coupling goes to zero, the RG flow of ht{^) and /ir(Ai) is described by 
two independent flrst order differential equations which can be solved analytically. The 
corresponding analytic solution for the top quark Yukawa coupling is given by Eq. ( |30l) . 
while the solution for the r-lepton one can be written in the following form: 

2^2 (/) 

^+5i;(A)F2(/) (37) 



^2(0 





3/4 


ai(/i) 


-15/28 


.«2(A). 




.ai(A)_ 





F^ii) = / E^indi', 



where ^^(yu) 



An 



In the {pt, Pr) plane, where pt{p) = Yt{p)/a3{p) = {ht{p) / g3{p)Y and 
Pt{p) = Yt{,Ij) / (^?Xp) = {hr{p)/g3{p)Y, the allowed part of the parameter space at the 
electroweak scale is limited by two perpendicular lines 

2E{lo) 2E2{h) 



pt 



9a3iMt)F{lo)' 5«3(Mt)F2(/o) 

where Iq = ln(A^/Mj?). The two lines ( l38l) together form a quasi-flxed (or Hill type 
effective) line. The solutions of the RG equations (l30ll and (l37Il are gathered near this line, 
when the Yukawa couplings at the MPP scale increase. At the same time if //(47r) > 1, 
Pt{p) and Pt{p) are attracted towards the invariant line, which can be parametrised as: 

2E{1) 

m 

(39) 

/ I '/n I / I 

pAp) 



(3^ 



Ptip) 



9a3ip)F{l) 
5a3ip)F2iiy 



Infrared flxed lines and surfaces, as well as their properties, were studied in detail in |69j - 
|71] . When / = ln(A^//i^) goes to zero, the invariant line ( l39l) approaches its asymptotic 
limit where pt, Pr >> 1 and Pr 1-8 pt, which is a flxed point of the RG equations for the 
Yukawa couplings in the gaugeless limit {gi = (72 = fi's = 0). The invariant line connects 
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/2 \ 

this fixed point with the infrared stable fixed point I -, 1 to which all solutions converge 
when either / ^ oo or gs^fi) approaches a Landau pole. At the electroweak scale pt(/x) 
and Pr(Ai) are concentrated near the quasi-fixed point | — _ , , ^ ,° , , — _ , , ^ ° , 
which coincides with the intersection point of the invariant and Hill type effective lines 
[72]-[71]. 

The value of tan/5 at which this quasi-fixed point solution is realised can be found 
from the relation between the running mass and the Yukawa coupling of the r-lepton: 

rur (Mt) = cos (3. (40) 

v2 

Eq. f HOl) results in extremely large values of tan /5 = 90 — 100. At these values of tan (3, the 
running mass of the t-quark is set by ht{Mt) alone. This permits us to evaluate mt{Mt) 
in the vicinity of the considered quasi-fixed point. However the prediction obtained 
for mt{Mt) is considerably higher than the experimental running mass of the t-quark 
calculated by means of Eq. ( |33ll (see Table 1). 

The method of computation of the quasi-fixed point coordinates discussed above 
can be applied to the determination of the position of the quasi-fixed point in the 
MPP scenario {IV) as well. Once again the Hill type effective line restricts the al- 
lowed range of the parameter space in the {pt, pb) plane at the electroweak scale. Here 
Pb{p) = Yh{lj) / c>i?,{lj) = {hb{p) / gz{p)Y ■ Outside this range the solutions of the renormali- 
sation group equations for ht{t) and kbit) develop a Landau pole below the scale A. The 
quasi-fixed point in this model appears as a result of the intersection of the Hill type 
effective line and the invariant line, which connects a fixed point of the RG equations in 
the gaugeless hmit {pt = pb) with the infrared stable fixed point (p^ = p;, = 1/5) [72]-[7i]. 

The most difficult case for the analysis of RG flow is the MPP solution (//) where 

ht{A), hb{A) and hr{A) can be large simultaneously, while the mass hierarchy within the 

third generation of fermions is caused by large values of tan/3. In the model (//), for 

each allowed set of top quark and 6-quark Yukawa couplings at the electroweak scale, the 

interval of variation of /^^-(Mj) is limited from above. This theoretical restriction comes 

from the requirement of the validity of perturbation theory up to the MPP scale. A 

change of ht{Mt) and hb{Mt) leads either to a growth or a reduction in the upper limit 

on hT-{Mt). As a result, at the electroweak scale, the allowed range of Yukawa couplings 

in the {pt, pb, Pr) space is limited by a Hill type effective surface. With increasing ht{A), 

hb{A) and hr{A), the solutions of the RG equations are gathered near this surface. At 

A2 

the same time if the interval of evolution is relatively large, i.e. Iq = l^i > An, 
the solutions of the RG equations for ht{p), hb{p) and /It(/u) are also attracted to the 
invariant line, which joins together a fixed point of the RG equations in the gaugeless 
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limit ( Pb = -TrPt, Pt = -r^Pt ] and an infrared stable fixed point {pt = pb = 1/5, pr = 0) 



15' " ' 15' 

[69]- [7l]. Thus, at the electroweak scale, the solutions of the RG equations for the Yukawa 
couplings are concentrated near the quasi-fixed point, which is located at the intersection 
of the invariant line with the Hill type effective surface [72]-|74]. 

The values of pt{Mt), pb{Mt) and PriMt) that correspond to this quasi-fixed point are 
given in Table 1. As before, using the relation between the running r-lepton mass and 
h^{Mt) fj40l) . one can find tan/5. Substituting the obtained value of tan (3 into Eqs. fl32l) 
and flHUj) . the running quark masses mt{Mt) and mi,{Mt) can be predicted anew. From 
Table 1 it becomes clear that the running top quark mass is still unacceptably large, 
while the prediction for mb{Mt) is too small compared to the experimental value [75] of 
mb{Mt) = 2.75 ± 0.09 GeV. As a consequence we conclude that, in the MPP scenarios 
considered above, it is rather difficult to get a self-consistent solution if two or three 
Yukawa couplings are greater than unity at the scale A, because in the dominant part of 
parameter space mt{Mt) tends to be significantly higher than 160 — 170 GeV. 

5 Higgs phenomenology 

5.1 The RG flow of the Higgs self— coupUngs near the quasi— fixed 
point 

Nevertheless a self-consistent solution can be obtained in the case when only ht{h) > 1, 
while all other Yukawa couplings are small. In this limit only the top quark Yukawa 
coupling is relevant and the solutions of the RG equations for ht{p) are attracted to 
the quasi-fixed point flHTl) . With increasing ht{A), the solutions of the RG equations 
for the Higgs self-couplings are also gathered near the quasi-fixed points. To establish 
the positions of the quasi-fixed points for Xi{p), we apply the method of determination 
developed in Section 4. For the purposes of our RG studies, it is convenient to introduce 

pi\p) = ^TT' ^'^^) = = ur^' ^^^) 
giip) pAp) hi[p) 

where the index i runs from 1 to 4. When Ai(A), A2(A), A3 (A), A4(A) and the top quark 
Yukawa coupling at the MPP scale grow, the corresponding solutions of the RG equations 
are focused near the intersection point of the invariant line and the Hill type effective 
surface that sets an upper limit on the values of pi, P2, Ps and p^ at the electroweak scale 

(see m-m)- 

As was revealed in the previous subsection, the invariant line connects a stable fixed 
point of the RG equations in the gaugeless limit with an infrared fixed point. When the 
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strong gauge coupling approaches a Landau pole, all solutions of the RG equations are 
concentrated near the infrared fixed point 



Pt 



2 

9' 



Pi = 0, 



P2 



25 

36 



0.0347, 



P3 = 0, p4 = 0. 



(42) 



This is the only stable fixed point in the infrared region. In the gaugeless limit fixed 
points obey the following system of nonlinear algebraic equations: 



12Rl + ARl + ARsRi + 2Rl -9R^ = 
12Rl + ARl + AR^Ri + 2Rl + ?,R2 - 12 = Q 
2(i?i + i?2)(3/?3 + ^4) + 4i?2 + 2Rl - 3i?3 = 
2Ri{Ri + R2 + 4i?3 + 2Ri) - 3Ri = 0. 



(43) 



The equations 
in the limit Qi 



l3|) come from the requirement that the beta-functions of the Ri vanish 
0. The numerical solutions of Eqs. 0431) are given in Table 2. The 
solutions with negative or zero values of R^ and R2 do not satisfy the vacuum stability 
constraints: 

Ai($) > 0, A2($) > 0, A($) > 0. (44) 

The conditions (1441) must be fulfilled everywhere from the electroweak scale to the MPP 
scale. Otherwise another minimum of the Higgs effective potential arises at some 
intermediate scale, destabilising the physical and MPP scale vacua. 

Near the fixed points the RG equations for Ri(t) can be linearised, i.e Ri{t) ~ i?°+rj(t). 
The linearised system of RG equations for rj(t) can be written in the following form 



dt 



dRi 



d/3_ 



R,=R? 



'31 



OR, 



R^=R° 



167r2 



where 



I 24i?° - 9 




2ARl 



ml + ARl 
8Rl + ARl 



(45) 



ml 



2Rl 6RI + 2RI 6(i?? + i?^) + 8i?!] - 3 



V 



2Rl 



2i?4 



AiRl 

4{Rl + Rl) 
2(i?? + + 2Rl 
2(i?o + + 4i?o + 4i?0) - 3 J 



The fixed point is stable when all the eigenvalues of the matrix aij are positive. Only in 
this case do all the rj(t) tend to zero in the infrared region. 

The analysis of the convergence of the solutions of the linearised system of RG equa- 
tions (H5l) . in the vicinity of the fixed points listed in Table 2, reveals that there is only 
one stable fixed point solution which corresponds to 



Ri 



3 
4'' 



R2 



65 - 1 
"8 



0.883, 



Rh = 0, 



Ra = 0. 



(46) 
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Choosing a large value of the top quark Yukawa coupling at the scale A (say hf{A) = 10) 
and using the fixed point solution (H6i) as a boundary condition for the RG equations, 
one establishes the position of the quasi-fixed point at the electroweak scale. If the MPP 
scale is close to Mpi we get 

Pi(Mi) ^ 1.174, pi(Mi) -0.341, p2(Mi) ~ 0.694, 
P3{Mt) ^ -0.011, p4(Mt) ~ -0.013. 

It turns out that, for large values of the top quark Yukawa coupling at the scale A, 
the allowed range of the Higgs self-couplings is rather strongly constrained. Stringent 
constraints on Xi{A) come from the MPP conditions ffT^ . Using the equations A (A) = 
and Pxi-^) ~ 0' '^^^ express A3(A) and A4(A) in terms of the other gauge, Yukawa and 
Higgs self-couplings, i.e. 

A3(A) = -v/Ai(A)A2(A)-A4(A) , (48) 

A1(A)^ 6^A)A,(A^ -2A.(A)A.(A) 

(V^+V^)^ (49) 
3gliA) + 2gliA)gliA) + gtiA)y 

where A4(A) < 0. Thus the RG fiow of the Higgs self-couplings, in the MPP inspired 
2HDM with an approximate generalised Peccei-Quinn symmetry, is determined by ht{A), 
Ai(A) and A2(A). Varying Ai(A) and A2(A), one can obtain the restrictions on their values. 
Because A4(A) is a real quantity, Eq. (I49l) limits the allowed range of Ai(A) and A2(A) from 
above. For instance, when Ai(A) = A2(A) = Aq the quantity A4(A) remains positive only if 
73 

Aq < —^h^{A). The lower bound on the Higgs self-couplings originates from the vacuum 
stability conditions (jHj). Indeed, if Ai(A) = A2(A) = Aq is sufficiently small then A(/i) 
tends to be negative at some intermediate scale, destabilising the physical and MPP scale 
vacua. Our numerical studies show that, for A = Mpi and Ri{Mpi) = R2{Mpi) = Rq, the 
value of -Ro can vary only within a very narrow interval from 0.79 to 0.87 if ht{A) > 1.5. 
Moreover the allowed range of Rq shrinks further when ht{A) increases. For ht{A) > 2.5 
the value of Rq can vary only between 0.83 and 0.87. 

In Figs. 2a and 2b we present the restrictions on the Higgs self-couplings Ai(A) and 
A2(A) for ht{A) = 3 and two different values of the MPP scale A = Mpi and A = 10 TeV. 
In these plots the allowed region of the parameter space in the -Ri(A) — -R2(A) plane is 
limited by the dotted and solid lines. The dotted line represents the vacuum stability 
constraints (jHj). For any point in the -Ri(A) — -R2(A) plane below the dotted curve, 
the vacuum stability conditions are violated at some intermediate scale between A and 
Mf preventing the consistent implementation of the MPP. The solid line constrains the 
allowed range of the Higgs self-couplings from above. For any point above this line A4(A) 
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is negative. From Fig. 2a one can see that vacuum stability and MPP conditions set 
stringent constraints on the Higgs self-couphngs for -Ri(A) > 0.3, if the MPP scale is 
relatively high. In the considered case only a very narrow strip in the -Ri(A) — R2{A.) 
plane is not ruled out. When the MPP scale decreases, the allowed range of Ai(A) and 
A2(A) enlarges. From Fig. 2b it follows that the position of the solid line does not change 
significantly with decreasing scale A, whereas the restrictions on the Higgs self-couplings 
caused by the vacuum stability constraints fH4|) become less stringent. It is worth noticing 
here that, independently of the MPP scale, the stable fixed point fHUl) . which is shown as 
an open circle in Fig. 2, always lies in the allowed region of parameter space. 

In Fig. 3 we plot the RG flow of the Higgs self-couplings from A = Mpi to the 
electroweak scale. As boundary conditions we use a set of points -Ri(A) and -R2(A) from 
the allowed part of the parameter space shown in Fig. 2a. The Higgs self-couplings A3 (A) 
and A4(A) are chosen so that the MPP conditions ( H8l) -fH9l) are fulfilled. Figs. 3a and 3b 
demonstrate that the trajectories, which represent different solutions of the RG equations 
for Ai(/i), A2(/i), and As^u), are focused in a narrow region near the quasi-fixed points 
at low energies. At the same time the trajectories in the Ri{^)-Ri{^) plane are rather 
spread out in the infrared region (see Fig. 3c). This is an indication that the solutions 
of the RG equations for Xi{ii) are attracted very weakly to the corresponding quasi-fixed 
point. 

In Fig. 4 we examine the convergence of the solutions of the RG equations to the 
quasi-fixed points, as a function of the MPP scale. In Figs. 4a-4d we set -Ri(A) = 0.75 
and i?2(A) = 0.883 and choose R^{k) and Ri{k) so that the MPP conditions (l48l)-(g9l) 
are satisfied. The solid and dashed lines in Fig. 4 represent the dependence of the Ri{Mt) 
on the scale A for hf{A) = 10 and h1{h) = 2.25 respectively. From Fig. 4a and 4b one can 
see that Ai(Mf) and A2(Mt) do not change substantially, when h^{A) varies from 10 to 
2.25. This demonstrates the good convergence rate of the solutions of the RG equations 
for Ai(/i) and A2(/i) to the corresponding quasi-fixed points. The values of X^i^Mt) are 
quite sensitive to the choice of the MPP scale and ht{A) (see Fig. 4c). If A is relatively 
high (A > 10^^ GeV), the solutions of the RG equations for Xsifi) are gathered near zero 
at the electroweak scale. But for relatively low A (A < lO'^TeV), the value of Xs{Mt) 
changes considerably when hf{A) is reduced from 10 to 2.25. In general the convergence 
of the solutions of the RG equations for Ai(/i), A2(/i) and A3(/i) becomes worse when the 
MPP scale decreases. Finally Fig. 4d indicates a strong dependence of X^lMt) on the 
scale A and h'^{A), which makes it rather difficult to get any reasonable prediction for the 
value of this Higgs self-coupling at the electroweak scale. 
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5.2 Higgs masses and couplings 

Relying on the results of the analysis of the RG flow in the MPP inspired 2HDM, we 
can explore the Higgs spectrum at the electroweak scale. The Higgs sector of the 2HDM 
involves two charged and three neutral scalar states. Since our MPP solutions conserve 
CP, one of the neutral Higgs bosons is purely CP-odd. The charged and pseudoscalar 
Higgs states gain masses: 



K.=mi-|^.^ -i-i^- (50) 



In the case of the MPP solution (II), the direct searches for the rare B-meson de- 
cays {B — > Xsj) place a lower limit on the charged Higgs boson mass [76]-[77]: 
m^± > 350 GeV . 

The CP-even states are mixed and form a 2 x 2 mass matrix. It is convenient to 
introduce a new field space basis {h, H) rotated by the angle (3 with respect to the initial 
one: 

Hl = {hco^(3- Hsm(3 + vi), , , 

(51) 

Hl = {hsiYi(3 + Hcos(3 + V2). 
Then the field h is the analogue of the SM Higgs field with vacuum expectation value 
< h >= V and is solely responsible for the symmetry breaking, while the field H has zero 
vacuum expectation value and is irrelevant for symmetry breaking. In this new basis the 
mass matrix of the Higgs scalars takes the form (see also |78j-|80j) 



Ml Ml, 
Ml Ml 



( 1 jv \ 

1 1 d^V 



(52) 



Ml = ( AiCosV + A2sin^/3 + ^sin2 2/?]w2 
?;2 , 



Ml = = y ( -Aicos^/? + A2sin2/5 + Acos2/5 ) sin2/?^ 



Ml = + — I^Ai + A2 - 2AJ sin^ 2/? , 

where A = A3 + A4. The masses of the two CP-even eigenstates obtained by diagonalizing 
the matrix fl3^ are given by 

= I [mI + Ml T ^ (Ml - Mir + AMl^ ■ (53) 

The qualitative pattern of the Higgs spectrum depends very strongly on the mass rriA of 
the pseudoscalar Higgs boson. With increasing itla the masses of all the Higgs particles 
grow. At very large values of {m\ » f^), the lightest Higgs boson mass approaches 
its theoretical upper limit -^Z Ml. 
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In the rotated field basis {h, H) the trilinear part of tlie Lagrangian, wliicli determines 
tlie interactions of tlie neutral Higgs states with the Z-boson, is simplified [8T]-|83j: 



Lazh = ^MzZ^Z^h + 



H{d^A) - {d^H)A 



(54) 



where g = ^/ + 9i- Following the traditional notations we define normalised -R- 
couplings of the neutral Higgs states to vector bosons as follows: gvvh^ = Rvvhi^ SM 
coupling ^i.e. ^Myj; gzAhi = ^RzAhi-, where is a or a Z boson. The relative 
couplings Rzzhi and Rzak are given in terms of the angles a and {3 



Rzzhi = Rwwhi = —RzAhi = sin(/5 — a) 
Rzzh2 = Rwwh2 = RzAhi = cos(/3 — a) 



(55) 



where the angle a is defined as follows: 



hi = — (/7° — fi) sina + (if2 ~" "^2) cosa , 
h2 = {H'l — vi) cosa + — V2) sina , 

( Af ^ — mi ) sin 3 cos 3 
tan a - ^ aj ^ m 



(56) 



m\ sin^ P + Aif ^ cos^ /? — m^^ 
The absolute values of the /^-couplings Rvvh, and RzAhi vary from zero to unity. 

The couplings of the Higgs eigenstates to the top quark gtthi can also be presented as 
a product of the corresponding SM coupling and the i?-coupling Rtihi- 

_ cos« _ sina 

sm p sm p 

Since the Rtthi inversely proportional to sin jS and near the quasi-fixed point tan /3 < 1, 
the values of Rtthi '^^'^ t)e substantially larger than unity. 

As follows from Eqs. fl3n|) - fl37|) . the spectrum and couplings of Higgs bosons in the 
MPP inspired 2HDM, with softly broken Peccei-Quinn and Z2 symmetry, is parametrized 
in terms of m^, tan/5 and four Higgs self-couplings \i{Mt), X2{Mt), X3{Mt) and X^^Mt). 
In our study of the phenomenology of the Higgs sector, we concentrate on the quasi-fixed 
point scenario. In particular, at the MPP scale we set -Ri(A) = 0.75, -R2(A) — 0.883 and 
hf{A) = 10, which correspond to the quasi-fixed point solution. At the same time we do 
not keep -R3(A) = -R4(A) = 0. Instead, we find appropriate values of A3 (A) and A4(A) that 
obey the MPP conditions fH8|) - fj49l) . Then we evolve the top quark Yukawa and Higgs 
couplings down to the electroweak scale. The results of our calculations have already been 
discussed in the previous sections. According to our analysis near the quasi-fixed points, 
the Higgs self-couplings, the top quark Yukawa coupling and tan P depend only on the 
MPP scale (see Figs. 1 and 4). As a result, in the considered scenario, all Higgs masses 
and couplings are functions of the scale A and the pseudoscalar mass ttia- Therefore, at 
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the next stage, we examine the dependence of the Higgs masses and couphngs on the 
pseudoscalar mass for each fixed value of the MPP scale. 

The results of our investigations are summarised in Fig. 5-7. In Fig. 5 we plot the 
masses and couplings of the CP-even Higgs eigenstates for the MPP scale A = Mpi. From 
Fig. 5a it is clear that the masses of the Higgs particles change considerably when ttia 
varies. In particular, the masses of the heaviest CP-even and charged Higgs states rise 
with increasing pseudoscalar mass. At large values of > 300 GeV, the corresponding 
Higgs states are almost degenerate around rrij^. The mass of the lightest CP-even Higgs 
boson is not so sensitive to the variations of the pseudoscalar mass. It varies from 80 GeV 
to 120 GeV. The lightest Higgs scalar hi can be identified as being predominantly the 
SM-like superposition h of the neutral components of Higgs doublets, because its rela- 
tive coupling to a Z pair is always close to unity (see Fig. 5b). The contribution of the 
orthogonal combination of neutral components of Higgs doublets H to hi is consider- 
ably smaller. As a result the couphng of the hghtest CP-even Higgs state to the Higgs 
pseudoscalar and Z is suppressed. But, at low values of < 100 GeV, the R-couphng 
RzAhi is still large enough that the hghtest CP-even and pseudoscalar Higgs states could 
have been produced in e'^e~ collisions at LEP. Because Rzzhi is rather close to unity, 
the associated production of the lightest Higgs scalar and the Z boson would also have 
been possible. Consequently the non-observation of the SM-hke Higgs particle at LEP 
rules out most of the parameter space near the quasi-fixed point solution if the scale A 
is relatively high, i.e. A > 10^^. This is a consequence of the stringent bound on the 
mass of the SM-hke Higgs caused by the RG fiow of Higgs self-couphngs from A to the 
electroweak scale. In Fig. 6 the theoretical upper bound on m^j as a function of the MPP 
scale A is presented. If A > 10^° GeV the hghtest CP-even Higgs boson is lighter than 
125 GeV. The upper bound on ruh^ grow from 125 GeV to 140 GeV, when the MPP scale 
is lowered fi-om 10^° GeV to 10^ GeV (see Fig. 6) 

When A is near the Planck scale the component of the lightest CP-even Higgs 
scalar is larger than the H2 component for < 400 GeV. This is essentially because, at 
large values of the MPP scale, Ai(M() is less than \2{Mt) while Vi ~ V2 in the vicinity of 
the quasi-fixed point. Since is the larger component, the coupling of the lightest CP- 
even Higgs eigenstate hi to the top quark is smaller than the coupling of the heaviest one 
for rriA < 400 GeV. The dependence of the relative couplings of the CP-even Higgs bosons 
to the top quark, Ruhi, on n^-A is examined in Fig. 5c. From this figure one can see that 
Rtth2 is more than twice as big as Rtthi at low values of ruA ^ 100 GeV. However such 
small values of the pseudoscalar mass are excluded by the unsuccessful Higgs searches 
at LEP. With increasing uia the heaviest CP-even, CP-odd and charged Higgs states 
decouple. As a consequence, the couphngs of the lightest Higgs boson to a Z pair and to 
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the top quark approach the SM ones (see Fig. 5c), i.e. hi ~ h. Our numerical analysis 
reveals that for A > 10*^ GeV the relative coupling Ruhi ^ 1- 

The situation changes significantly when the MPP scale is relatively low. In Fig. 7 we 
study the dependence of the masses and couplings of the Higgs bosons on for the MPP 
scale A = 100 TeV. As before the masses of the heaviest CP-even, CP-odd and charged 
Higgs states are set by niA- When rriA grows, all Higgs masses increase and at large values 
of the pseudoscalar Higgs mass m^± ~ nih^ — ttla (see Fig. 7a). However the upper bound 
on the lightest CP-even Higgs scalar mass rrih^ increases significantly. If A ~ 100 TeV 
the upper bound on the mass of the lightest CP-even Higgs state changes from 140 GeV 
to 180 GeV. Once again the main contribution to the wave function of the lightest Higgs 
scalar corresponds to the SM-like superposition of neutral components of Higgs doublets 
h so that Rzzhi ~ 1 (see Fig. 7b). However the values of rriA ^ Mz are not excluded by 
LEP data, because the associated lightest Higgs scalar production with either a Z boson 
or a Higgs pseudoscalar is kinematically forbidden. At low values of the pseudoscalar mass 
{rriA < 250 GeV) the H2 component of the lightest CP-even Higgs state is now larger than 
the Hf component. Despite A2(Mt) still being larger than Ai(Mf), the vacuum expectation 
value V2 becomes considerably smaller than vi {tan (3 ~ 0.5) resulting in Aif^ > A2f|. This 
gives rise to a realignment in the Higgs spectrum. As can be seen from Fig. 7c, the change 
in content of hi leads to a substantial increase in the coupling of the lightest Higgs scalar 
to the top quark. Our numerical studies demonstrate that, for values of the MPP scale 
A below 1000 TeV, there is some range of in the quasi-fixed point scenario where 
Rtthi ^ Rtth2 ^ 1- Due to the significant growth of the coupling of the lightest CP-even 
Higgs state to the top quark, the production cross section of the SM-like Higgs in the 
2HDM can be 1.5 — 2 times larger than in the SM [nn]-[S2]- The enhanced production 
of the SM-like Higgs boson allows us to distinguish the quasi-fixed point scenario in the 
MPP inspired 2HDM with low MPP scale from the SM and its supersymmetric extensions, 
even if the extra Higgs states are heavy (m^ > 400 — 500 GeV). 

6 Other MPP solutions 

The MPP solution that corresponds to the set of degenerate vacua, in which the energy 
density vanishes near the scale A for any uj, might not be a unique one in the two Higgs 
doublet extension of the SM. Indeed, in Appendix B we present the derivation of other 
MPP conditions, which correspond to the set of vacua which have zero vacuum energy 
density at the MPP scale for any choice of 6 or 7. These scenarios were not discussed in 
our previous article |41j, where we considered the implementation of the multiple point 
principle in the two Higgs doublet model of type II. 
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It turns out that it is quite difficult to achieve a self-consistent realization of these 
other MPP solutions, if we restrict our consideration to the simplest two Higgs doublet 
extension of the SM with a minimal matter content. Indeed, in the Higgs field basis where 
only H2 couples to the t-quark at the MPP scale, the observed mass hierarchy within 
the third generation of fermions implies that ht{h) » gb{A),gr{A). At the same time, 
for small values of these Peccei-Quinn symmetry violating Yukawa couplings, some of the 
MPP conditions derived in the Appendix B cannot be satisfied. 

For instance, let us consider the MPP conditions (IB.Sp . that result in the vacuum 
configuration in which the energy density goes to zero for arbitrary values of the ratio 
of the Higgs vacuum expectation values ^2/^1 when A4(A) < |A5(A)|. Substituting the 
explicit expressions for Px-i, Px^ and in the last MPP condition of Eqs. fIB.Sp . we find 



/3A3(A)+/3A,(A) + Re/?,3(A) = ^ 



2A^(A)+4A^(A) + ^^2'(A)+ 

|2| „ / A M2 o\u / a M2| „ / A M2 



+-g'2WiW + 4^7i(A) - 2A\hiA)\'\g,iA)\' - 8|/..(A)|%.(A)|^- (5^ 



Qhl{A)gf{A) + 2hUA)gf{A) + h.c. 



0. 



Here we have redefined the Higgs fields, so that A5(A) is real and negative. From Eq. ( l58l) 
it becomes clear that the positive contribution of the Higgs and gauge couplings to the 
corresponding combination of /5-functions cannot be compensated by the negative contri- 
bution coming from the Yukawa interactions if gb{A) ~ griA) ~ 10~^, unless |/ib(A)p or 
|/it-(A)P > 10. However such large values of |/ib(A)| and |/it-(A)| would spoil the validity 
of perturbation theory. 

Due to similar reasons, it is not possible to achieve the degeneracy of vacua with re- 
spect to 6. The MPP conditions that ensure the existence of such a set of degenerate 
minima of the Higgs effective potential at the MPP scale are given by Eqs. ( IB. 131) . Af- 
ter the substitution of explicit expressions for and Pxs, one of the MPP conditions, 
PxiiA) + RePxsiA) = 0, reduces to 

12MA)\^\h{A)\' + 3gl{A)gjiA) - 12\h{A)\'\g,{A)\^ - 4|/..(A)|2|^.(A)|2- 

\ (59) 
6hliA)gf{A) + 2hliA)gfiA) + h.c. = . 



To satisfy the MPP condition (1591) . either gb{A) or gr{A) should be large. This makes the 
generation of the observed mass hierarchy rather problematic. 

Nevertheless there is one new set of the MPP conditions whose realisation does not 
require large Peccei-Quinn symmetry violating Yukawa couplings. Indeed the MPP con- 
ditions (IB.6p . which lead to the presence of vacua in which the energy density tends 



to zero for any ratio of the Higgs vacuum expectation values ^2/^1 at the MPP scale 
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when A4(A) > |A5(A)|, can be fulfilled even if ^'^(A) and (7t(A) are negligibly small. The 
corresponding set of degenerate minima of the Higgs effective potential 



< ifi >= I , <H2>=\ ; , ^i + ^i = A', (60) 



arises if the Higgs self-couplings Ai(A), A2(A), A3 (A) and their /5-functions /3ai(A), /3a2(A), 
Px^iA) vanish. The vanishing of the three /^-functions (see Eq. ( ]A.2p ) for the Higgs self- 
couplings Ai, A2 and A3 at the MPP scale can be achieved only if the Yukawa couplings 
of the third generation obey two relationships: 

|/^,(A)|^=|MA)l^ + ^|/^.(A)r, , , 

3 ^ (61) 

MA)\' = MA)\'\h{A)\' + -gl{A)gl{A). 

In Eq. (IHTj) we neglect gb{A) and 5't(A). 

The relations (|6Tll allows us to express the 6-quark and r-lepton Yukawa couplings 
at the scale A in terms of ht{A). Thus, for each fixed value of the top quark Yukawa 
coupling at the MPP scale, one can calculate the RG fiow of ht{fi), hfy{fi) and hT-{fi) from 
the scale A to yU = Mf. Then Eq. f HUj) can be used for the determination of tan/3. Since 
at the electroweak scale ht{Mt) ~ hb{Mt) ~ hr{Mt), the relation ( HOl) results in large 
values of tan/? ~ mt/rrib. In the considered part of the parameter space mt{Mt) is almost 
independent of tan/?, i.e. mt(Mt) ~ ht{Mt)v / \/2. 

On the other hand mt{Mt) can be determined rather precisely from experiment, using 
the relationship between the top quark pole and running masses (!33ll . In the MPP scenario 
discussed here, the top quark Yukawa coupling at the scale A can be adjusted so that the 
observed value of Mt is reproduced. This permits us to evaluate all Yukawa couplings at 
the electroweak scale and to predict the values of tan/3 and m;,(Mf) using Eqs. flHUl) . fHUl) . 
The results of our numerical studies are summarised in Table 3, where we explore the 
dependence of tan/3 and mb{Mt) on the scale A. One can see that the value of tan/3 is 
always rather close to 50, while mb(Mf) changes from 3.2 GeV to 2.6 GeV when the MPP 
scale grows from lOTeV to Mpi. 

The prediction for the running 6-quark mass at the electroweak scale can be easily 
improved, if we include the Peccei-Quinn symmetry violating Yukawa couplings Qb and Qr- 
Small values of these couplings affect neither the relations between the Yukawa couplings 
flUTj) nor the running of ht{fi), hb{^) and h^-lfi). However even very small values of the cor- 
responding couplings (~ 10^^) change the predictions for mb{Mt) and tan/3 significantly. 
As a result one can easily reproduce the experimental value of the running 6-quark mass, 
mb{Mt) = 2.75 ±0.09 GeV. But even zero values of the Peccei-Quinn symmetry violating 
Yukawa couplings lead to a reasonable prediction for mb{Mt) for large values of A. 
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A stringent restriction on the MPP scale in the considered scenario comes from the 
non-observation of the Higgs particle at LEP. In Tables 3 and 4 we examine the upper 
bound on the mass of the SM-like Higgs particle as a function of the scale A and the 
Higgs self-couplings A4(A) and A5(A). In order to ensure that the vacua flUUl) are stable 
at the MPP scale, A4(A) has to be positive and the absolute value of A5(A) should be less 
than A4(A). To guarantee that the Higgs effective potential is positive definite everywhere 
between the MPP and electroweak scales, which makes the consistent implementation of 
the MPP possible, the following conditions must be fulfilled: 

Ai(<l>) > 0, A2($) > 0, (62) 

A($) = v/Ai($)A2($) + A3($)+min{0, A4($) - |A5($)|} > 0. (63) 

For As = 0, the inequalities (I62l) -( l63l) coincide with the vacuum stability constraints 
derived in our previous work [H]. It turns out that A(<l>) is only positive for any value of 
$ between A and Mf when |A5(A)| < 0.83 ■ A4(A). In Fig. 8a and 8b we plot the running 
of Ai(/i), A2(/i) and A(/i) for A5 = and two different values of the MPP scale: A = Mpi 
and A = 10 TeV. 

The upper bound rrih on the mass of the SM-like Higgs boson, which is given by 

ml <ml = v' (^Ai(Mi) cos^ P + X^iMt) sin^ P + sin^ 2/5 

X{Mt) = Xs{Mt) + K{Mt) + A5(Mi), 

does not vary substantially when A4(A) and A5(A) change (see Table 4). This weak 
dependence of the theoretical restriction on the SM-like Higgs mass on A4(A) and A5(A) 
is a result of the suppression of their contribution to at large values of tan (3. At the 
same time the upper bound on decreases significantly when the MPP scale A varies 
from Mpi to 10 TeV. In the case when A ~ 10 TeV the SM-like Higgs mass does not 
exceed 75 GeV. Such small values of nih-^ have been already ruled out by LEP. To satisfy 
LEP constraints on the mass of the Higgs boson, the MPP scale should be larger than 
10^ GeV. In the considered MPP scenario the upper bound on the SM-like Higgs mass 
attains its maximum value of 140 GeV for A ~ Mpi. 

Although the MPP scenario discussed here is not excluded from the phenomenological 
point of view, it seems to be rather problematic to achieve the degeneracy of vacua at 
the MPP scale with the accuracy f ^A^ in this case. Indeed, in order to guarantee that 
the vacua at the MPP scale are really degenerate with respect to either 7 or 6', we have 
to require, as in the case of degeneracy of vacua with respect to u;, that the masses of 
all the fermions and bosons should not change when 7 or 6' varies. Otherwise quantum 
corrections to the Higgs boson potential fl^Tl) spoil the degeneracy of the considered vacua. 



(64) 
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In general, when the Higgs fields acquire vacuum expectation values (E]), the SU (2) x U (1) 
gauge bosons gain the following masses 



,2 I ^2 / / ^2 I ^2 \ 2 



(65) 



In the vicinity of the MPP scale $ = A , $i = A cos 7 and $2 = A sin 7. Eq. flboj) reveals 
that the degeneracy of the MPP scale vacua with respect to 7 can be achieved only for 
sin^ = This means that the MPP solution ( I6OI) which corresponds to sin 9 = ±1 will 
not get, when one loop corrections are included, a true continuum of degenerate vacua to 
accuracy f ^A^. Thus if we interpret MPP to mean that we should choose the solution with 
the largest number of degenerate vacua, the solution (|60l) is beaten by the solutions with 
a Lie group symmetry such as the solution (JT5l) mainly studied in the present article. This 
is connected with the fact that we do not have any custodial symmetry for solution fl60l) . 
which also means that it does not exclude FCNC and CP violation in the Higgs sector 
automatically in contrast to the solution ( JTSl) . So the solution ( l60l) for the set of vacua 
parameterized by 7 is disfavoured by: 1) giving formally fewer vacua, 2) not explaining 
the absence of FCNC and 3) generically having CP violation in the Higgs sector. 

Eq. (ISHj) also illustrates the fact that the vacuum energy density of the Higgs effective 
potential cannot be the same for different values of 6, because the masses of two gauge 
bosons depend rather strongly on this parameter. Since the masses of the gauge bosons 
change when 6 varies, quantum corrections would spoil the degeneracy of the MPP scale 
vacua with respect to 6. 

Because at sin ^ = the masses of the gauge bosons are invariant under the variations 
of 7 and u, one can try to find a vacuum configuration in which the energy density goes 
to zero for arbitrary values of 7 and u at the MPP scale. Then the independence of the 
vacuum energy density on the phase u implies that the Yukawa and Higgs self-couplings 
obey the MPP conditions (fT8l) -(fT9l ) . In this case the degeneracy of the vacua with respect 
to 7 can be achieved only when Ai(A) = A2(A) = 0. However, in our previous publication 
[H], we argued that either Ai($) or A($) tends to be negative just below the MPP scale 
if Ai(A) = A2(A) = 0. As a result, near the scale A, there exists another minimum of the 
Higgs effective potential with a huge and negative vacuum energy density. This prohibits 
the self-consistent implementation of the MPP for arbitrary values of both 7 and u. 



^One can show that in the hmit sin6' — > the set of degenerate vacua with respect to 7 in one field 
basis is equivalent to the set of degenerate vacua with respect to a; = 27 in another field basis. 
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7 Conclusions 



In this paper we have considered the apphcation of the multiple point principle (MPP) to 
the non-supersymmetric two Higgs doublet extension of the SM. In general new couplings, 
which appear in this model, give rise to potentially large flavour changing neutral currents 
and CP-violation effects. We have argued that MPP can be used as a mechanism for 
the suppression of FCNC and CP-violating interactions. Indeed, MPP postulates the 
existence of a large set of degenerate vacua, which are allowed by a given theory. These 
vacua might not have exactly the same vacuum energy density. Here we assumed that the 
vacua at the electroweak and at the high MPP scale A are degenerate with the accuracy 
v^h?. Normally the presence of a large set of degenerate vacua is associated with an 
enlarged global symmetry of the Lagrangian of the considered model. This is also the 
case in the 2HDM. The most favourable solution we found implies that the quartic part of 
the Higgs potential and the Lagrangian for the Higgs-fermion interactions are invariant 
under the transformations of a set of global U{1) symmetries flTTj) . which forbid non- 
diagonal flavour transitions and CP violating couplings. One example of such a custodial 
symmetry is a Peccei-Quinn symmetry that contains Z2 symmetry as a subgroup. This 
Z2 discrete symmetry ensures the suppression of FCNC processes in the the 2HDM of 
type II. At the same time MPP allows us to avoid problems that usually arise in the 
framework of the two Higgs doublet models with exact global U{1) or Z2 symmetries. 
This is because we did not require the set of vacua at the MPP scale to be exactly 
degenerate. Therefore global custodial symmetries appearing in the MPP inspired 2HDM 
can be approximate. As a consequence, in our favourable MPP solution, the breakdown 
of electroweak symmetry does not give rise to either an axion or domain walls. Meanwhile 
the custodial symmetry violating couplings are expected to be small 0(f ^/A^). This leads 
to the suppression of FCNC and CP-violating effects. 

We explored the RG flow of the Yukawa and Higgs couplings within the MPP inspired 
2HDM with approximate custodial symmetries and studied the phenomenology of the 
Higgs sector in the framework of these models. In our analysis we concentrated on the 
quasi-fixed point scenarios. The positions of the quasi-fixed points at moderate and 
large values of tan [3 have been established. We argued that the quasi-fixed point scenarios 
which correspond to large tan [3 lead to unacceptably large values of the top quark running 
mass. Nevertheless we found a self-consistent solution when only ht{h) > 1, while all 
other Yukawa couplings are small. In this case tan (3 can be chosen so that the appropriate 
value of the top quark mass is reproduced. We also demonstrated that the RG solutions 
for the Higgs self-couplings Ai(/i), A2(/i) and A3(/i) are focused in a narrow interval near 
the quasi-fixed points at low energies, if the MPP scale is relatively high (A > 10^^ GeV). 
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The solutions of the RG equations for A4(/i) are attracted to the quasi-fixed point rather 
weakly. 

In the considered quasi-fixed point scenario, the spectrum and couplings of the Higgs 
bosons depend on the MPP scale and pscudoscalar Higgs mass predominantly. The 
masses of all the Higgs states rise with increasing pseudoscalar mass. At large values 
of niA ^ 300 GeV the heaviest CP-even, CP-odd and charged Higgs bosons arc almost 
degenerate around m^. When is large the lightest Higgs boson mass approaches 
its theoretical upper bound. The results of our numerical studies show that m/^^ does 
not exceed 125 GeV if A > 10^° GeV. At the same time, when A ~ 100 - lOTeV, the 
lightest Higgs boson mass can reach 180 — 220 GeV. With increasing ttia the heaviest 
CP-even, CP-odd and charged Higgs states decouple and the couplings of the lightest 
Higgs boson approach the SM ones. However our numerical analysis revealed that, for 
MPP scales A below 1000 TeV, there is a range of where the couphngs of the lightest 
Higgs scalar to the top quark is considerably larger than in the SM. This leads to the 
enhanced production of the hghtest Higgs particle at the LHC, which would allow us to 
distinguish the quasi-fixed point scenario in the MPP inspired 2HDM from the SM and 
its supersymmetric extensions. 

We also discussed other possible scenarios, which appear in the 2HDM as a result of 
the implementation of the MPP. In contrast to our favourable MPP solution, the other 
scenarios do not result in either exact or approximate global symmetries. Moreover, in 
most cases which we considered, it is extremely difficult to reproduce the observed mass 
hierarchy in the quark and lepton sector. Nevertheless we found one new scenario in 
which the corresponding MPP conditions can be fulfilled in the leading approximation. 
This new MPP solution leads to a set of vacua in which the energy density tends to zero 
for arbitrary values of the ratio of the Higgs vacuum expectation values, tan 7 = $2/^1, 
at the MPP scale (A^ = $f + $2)- this scenario the SM-like Higgs boson attains 
its maximum value of 140 GeV when A ~ Mpi whereas low values of the MPP scale 
(A < 10® GeV) lead to a too light Higgs boson, which has already been ruled out by 
LEP. However, because the considered MPP scenario is not related with the invariance 
of the Lagrangian under global symmetry transformations, the inclusion of the complete 
set of one-loop corrections to the Higgs boson potential spoils the degeneracy of vacua 
at the MPP scale. Therefore the degeneracy of vacua with the accuracy v^A^ cannot be 
achieved. 
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Appendix A: Renormalization of the Higgs self- 
couplings in general 2HDM 

The structure of the renormahzation group equations for the Higgs self-couphngs in the 
2HDM is fixed by the set of the /3-functions 



(A.l) 



In Eq. flA.ip index i runs from 1 to 7. The variable t is defined in the conventional way: 
t = In /i, where /i is the renormalization scale. When Ae = A7 = 0, we obtain: 



16772 



12A? + AXl + 4A3A4 + 2A^ + 2IA5P + ^gt + ^g^gl + ^gf- 



-Ai ( 3(3(?| + gl) - 12|/ife|2 - 4|/i,|2j - 12|/i,|4 - A\K\'' 

^ 12A^ + 4A^ + 4A3A4 + 2A^ + 2IA5P + \gt + \glgl + 



167r2 



-A2 ( mi + 9l) - 12|/^tP - -A\g^']- I2\h,\' - I2\g,\^ - A\g. 

'1 



2(Ai + A2)(3A3 + A4) + 4A^ + 2A^ + 2IA5I' + '^-gt - \glgl + \gt- 



-A3 (^{'igl + gl) - QM^ - - 'A9r? - - 2\K\^ - \2\K\^\K\^ 



■12|/l,|2|^,|2-4|/l.|2|^,|2 

1 



167r2 



2A4(Ai + A2 + 4A3 + 2A4) + SlAsr + ?>gigi - A4 ?>{?>gi + gl) 



-6|/i,p - Q\g,\^ - 2\g^^ - 6|/i,p -2\K\^]+ I2%\^\h\^ - 12|/i,|2|^,|2- 



Px, 



-^\hr?\gr? 
1 



167r2 



2A5(Ai + A2 + 4A3 + 6A4) - As 3(3(72' + ai) - Q\htV - ^\9b\ 



Pxe 



.2\g^\2 _ 6|/,,|2 -2\K\']- Uhlgf - 4hlgf 

^ (Ai + A3 + X^){3glh + Kg*) + X^{?,hlg, + Kg^) - I2\h,\'h,gl- 



Px, 



167r2 
-A\hr\'^Kg 
1 



167r2 



(A2 + A3 + X^){3g;h + Kg*) + Xr^iShlgt, + Kg,) - 12\gb\%g;- 



(A.2) 



The Yukawa couplings ht, gt, Qt and K, K appearing on the right-hand side of Eqs.( ]A.2l ) 
determine the strength of the interactions of the Higgs doublets H2 and Hi with fermions 
(see dl])). Eqs. (lA.2p are derived by assuming that only one Higgs doublet H2 couples to 
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tji. This can be easily achieved by the appropriate redefinition of the Higgs doublets at 
the MPP scale. Although gt{A.) = 0, a non-zero value of this coupling can be generated 
below the MPP scale, due to the renormalization group flow (see ([5])), in the absence of 
a custodial symmetry. 



Appendix B: the degeneracy of vacua with respect to 

tan 7 or 6. 

In this section we consider possible sets of degenerate minima of the Higgs effective po- 
tential with vanishing vacuum energy density, which are not related with the presence of 
a Peccei Quinn symmetry. In the case when there is a vacuum conflguration in which 
the energy density tends to zero for arbitrary values of the ratio of the Higgs vacuum 
expectation values tan 7 = ^2/^1, the terms involving different powers of $2 and $1 in 
the Higgs effective potential must go to zero irrespective of each other. This leads to the 
conditions: 

' Ai(A) = A2(A)=0 



A3(A) + A4(A) cos2^ + 



As (A) 



e^*" cos^ e + h.c. 







(B.l) 



^ \kiA)e''^ cose + h.c. =0, 

where k = 6,7. The same should happen in the conditions for the extrema of the Higgs 

effective potential, if it attains its minimum at the considered vacuum expectation values 

dV dV 

of the Higgs flelds. Applying this requirement to the conditions — — = — — = 0, one 

ouj oO 

obtains: 



In a similar way the minimization conditions 
of the Higgs self-couplings: 

' /5,^(A) = /5a,(A) = 



A5(A)e2*^ - h.c.j cos^e = 

Afe(A)e*^ - h.c^ cos^ = 

A5(A)e2*^ + /i.c.^ sin 2^ = 

Afe(A)e*'^ + /i.c.j sine = 0. 

dV dV 



(B.2) 



(9$! 9<l>2 



constrain the /3-functions 



/?A3(A)+/?A4(A) cos2e + 
/?Afe(A)e^'^ + /i.c. ) cos^ 



/5a3(A) 



0. 



2iuj 



+ h.c. cos'^e = 



(B.3) 



The relationships (1B.3P for are deduced by assuming that the conditions (IB. 10 are 
fulfilled. 
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Some of the MPP conditions ( ]B.1I) - (1B.3I) are satisfied when cos^ goes to zero. For 
cos6' = 0, the MPP conditions fiRTll reduce to Ai(A) = A2(A) = A3(A) = . In this hmit, 



the Higgs effective potential near the scale A can be written in the following form: 



V{H^, H2) = (^A4(A) + \^-^e'"^ + h.c.j j <l>2$2 cos2 9- 
+2^X2 + F2^ $2$icos0cos(cu + ¥?) , 



(B.4) 



where 



(fi = tan ^ 



X = Re (^A6(A)$? + A7(A)$2^ 
F = Im( A6(A)<I>2 + A7(A)<I>^ 



The value of cos0 = corresponds to the minimum of the scalar potential flB.4p only if 
A4(A) > |A5(A)| > and X = Y = 0. Otherwise, cos6' tends to get a non-zero value and 
the vacuum energy becomes negative. The real and imaginary parts of A6(A)$^ + A7(A)$2 
only get zero values independently of tan 7 in the case when both A6(A) and A7(A) vanish 
identically. For A6(A) = A7(A) = 0, the Higgs scalar potential at the MPP scale simplifies 
further, so that finally we get: 

ViHi, H2) = (\4{A) + f M^e^^" + h.c^ ^ cos^ 9 . (B.5) 



The scalar potential (IB. 51) reaches a minimum at cos^ = 0, where V{Hi,H2) vanishes. 
Substituting cos6' = into Eq. flB.Sp . we find the MPP conditions that provide a degen- 



eracy of vacua with different values of tan 7: 

A4(A) > |A5(A)| 

Ai(A) = A2(A) = A3(A) = A6(A) = A7(A) = (B.6) 
/?a,(A) = /3a,(A) = /5,3(A) = 0. 

If cos^ 7^ 0, then the degeneracy of vacua with respect to tan 7 can be achieved only 
when A6(A) = A7(A) = (see Eq. (1B.ll) -( lB.2l) ). In this case the Higgs effective potential 
at the MPP scale takes the form: 



X;{A) + A4(A) cos' 9 + ( M^^e'^" + h.c. ] cos' 9 



<|.2$2, (B.7) 



where A3 (A), A4(A) and A5(A) obey Eq. (lB.ip -( !R2l) . Minima of the scalar potential (IB. 71) 



with a non-zero value of cos 6' arise when A4 < IA5I. In this part of parameter space, the 
vacuum energy density decreases with increasing cos' 9 and reaches its minimum value 
at cos^^ = ±1. If we redefine the Higgs fields so that A5(A) becomes real and negative. 
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the minimum of the Higgs effective potential (IB .71) corresponds to a; = 0. Then the MPP 
conditions (]B.1I) - (1B.3I) reduce to: 



A4(A)<|A5(A)| 

Ai(A) = A2(A) = A6(A) = A7(A) = 
A3(A) + A4(A) + A5(A) = 
/3a, (A) = /3a, (A) = Re /5a, (A) = Re /3a, (A) = 
/3A3(A)+/3A4(A) + Re/3A,(A) = 0. 



(B.8) 



Let us now consider vacuum configurations in which the energy density vanishes for 
arbitrary values of 9. The Higgs effective potential will not depend on cos 6 near the MPP 
scale, only if the following conditions are satisfied: 



A4(A) + 



A5(A) ^2.. 



e"*" + h.c. 







+ A7(A)$2 e*'^ + h.c. = . 



If the relationships 
can be written as: 



(B.9) 



between the Higgs self-couplings are fulfilled, the scalar potential 



V{H,,H2)-^(^^/XM)'^l-VH^)'^i^ + (VAi(A)A2(A) + A3(A)) $?<l>^ (B.IO) 



Its minimum value goes to zero when 



A(A) = v/Ai(A)A2(A) + A3(A) = . 



If the Higgs effective potential has a local minimum at the MPP scale then 



:b.ii) 



<I'=A 



vanishes as well. 

The presence of the set of degenerate vacua with respect to 6 implies that the 

terms which are proportional to cos 6 and cos^ 6 in the conditions for the extrema 
dV dV dV 

—— = —— = -—- = should vanish separately. It imposes extra constraints on the 
duj (9$i d<S>2 

Yukawa and Higgs self-couplings, which are given by: 



- h.c. = 



XeiA)^! + X7iA)n e*^ - h.c. = 



(B.12) 



(3A6(A)$2 + A7(A)$2)$2 + i^/3xM)^l + f^xM)^ 
(A6(A)<I>2 + 3A7(A)$2)$i + (pxM)^i + PxAm 



<I>?$2 



2 / $2 



$2 



e*- + h.c. = 
e^^ + h.c. = 
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dV 



0, whereas 



The first two relationships between the Ai(A) in Eq. flB.12p come from 

dV dV 

the other three conditions follow from the assumption that — — and — — are independent 
of cos 9 near the minima of the Higgs scalar potential at the MPP scale. The derivative 



of V{Hi^ H2) with respect to 9 vanishes automatically, if the MPP conditions (1B.9P are 
satisfied. 

To simplify the analysis, we restrict our consideration to real and negative values of 
A5(A), which can be arranged by the appropriate redefinition of the Higgs fields. Then 



TT 



the first MPP condition in Eq. flB.12p enforces uj to take a discrete set of values — ra, where 
n is an integer number. However only even values of n correspond to a minimum of the 
Higgs scalar potential. Substituting uj = Tcm into Eg. (IB. 91) and Eq.( ]B.llT) -( ]B.12[) . we find: 







A(A) = (3-^{A) 
A4(A) + A5(A) = 0, 
ReA6(A) = ReA7(A) 







Im 



/3a. (A) 
Re 



A6(A)<I>2 + A7(A)$2 

Re/3A3(A) = 







(B.13) 



0. 



/3A,(A)$? + /5A,(A)$i 

Relying on the MPP conditions flB.lSp and taking into account that V{Hi, H2) vanishes 
near the MPP scale when $2 = ^/X^]Aj/X^<!>l, one can easily deduce the complete 
expression for the vacuum energy density at the scale A: 



V{HuH2) - Vv/Ai(A)<l>? - VA2(A)$^ + x$i$2Cos^sincu^ 



+ 



+ 



(B.14) 



2 I A4(A) - ^ ) $2$2 pQg2 g ^-^2 ^ ^ 



where 



-2ImA6(A) 2ImA7(A) 



v/MA) v^A^ ' 

which is valid for arbitrary values of 7, 9 and u. From Eq.( ]B.14l) it is obvious that the 
stable minima at u = vrm, which lead to degeneracy of the vacuua with respect to 9, are 
attained only for positive values of A4(A) when A4(A) > 
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Figure captions 



Fig.l. (a) The top quark Yukawa coupling at /i = Mt versus the MPP scale A. (b) The 
dependence of tan /? on the scale A. The solid and dashed curves correspond to /i^ (A) = 10 
and /i^ (A) = 2.25. The dash-dotted lines represent the quasi-fixed point solution (IHTl) . 
Here we set mt{Mt) = 161.6 GeV and a^iMz) = 0.117. The MPP scale A is given in GeV. 

Fig.2. The allowed range of i?i(A) and i?2(A) for (a) A = Mpi and (b) A = lOTeV. The 
solid line corresponds to the upper bound on i?2(A), which comes from the requirement 
that A^(A) > 0. The dotted curve represents the lower bound on -R2(A) caused by the 
vacuum stability condition. The open circle indicates the position of the fixed point in the 
gaugeless limit. Other parameters are fixed as follows: ht{A) = 3, mt{Mt) = 161.6 GeV 
and asiMz) = 0.117. 

Fig. 3. The renormalisation group fiow of Ri{fi) from the Planck scale to the electroweak 
scale in (a) the R2) plane, (b) the {Ri, R3) plane and (c) the R4,) plane, for 
different initial values of -Ri(A) and -R2(A) from the allowed part of parameter space (see 
Fig.2). The open circle indicates the position of the quasi-fixed point ( H71) . Here we set 
ht{A) = 3. The initial values of A3 (A) and A4(A) satisfy the MPP conditions (HE]) and ( H9l) . 

Fig.4. The dependence of (a) Ri{Mt), (b) R2{Mt), (c) R^iMt) and (d) R^iMt) 
on the MPP scale near the quasi-fixed point. Solid and dashed lines correspond to 
/i|(A) = 10 and /i^(A) = 2.25 respectively. The Higgs self-couplings Ai(A) and A2(A) are 
fixed so that i?i(A) = 0.75 and i?2(A) = 0.883, whereas A3(A) and A4(A) obey the MPP 
conditions (jiHl) and (HUl). 

Fig. 5. Higgs masses and couplings for A = Mp^, hf{Mpi) = 10, Ri{Mpi) = 0.75 
and R2{Mpi) = 0.883. (a) The dependence of the spectrum of Higgs bosons on the 
pseudoscalar Higgs mass m^. The dash-dotted and dashed lines correspond to the 
CP-even Higgs boson masses, while the solid line represents the mass of the charged 
Higgs states. All masses are given in GeV. (b) Absolute values of the relative couplings 
Rzzhi of the Higgs scalars to Z pairs. The solid and dashed-dotted curves represent the 
dependence of the couplings of the lightest and heaviest CP-even Higgs states to Z pairs 
on niA- (c) Absolute values of the relative couplings Rtthi of the lightest (solid curve) and 
heaviest (dashed-dotted curve) CP-even Higgs bosons to the top quark as a function of 
m^. Here the Higgs self-couplings A3(A) and A4(A) satisfy the MPP conditions (HHj) and 

(Hi. 
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Fig. 6. Upper bound on the mass of the SM-hke Higgs boson versus the MPP 
scale A in the quasi-fixed point scenario. The sohd and dashed curves correspond to 
hf{A) = 10 and /i^(A) = 2.25. The Higgs self-couphngs Ai(A) and A2(A) are fixed so that 
Ri{A) = 0.75 and i?2(A) = 0.883, whereas A3(A) and A4(A) obey the MPP conditions 
(148|) and (iHl). The value of tan/? is chosen so that mt{Mt) = 161.6 GeV. The MPP scale 
A is given in GeV. 

Fig.7. Higgs masses and couplings for A = 100 TeV, hf{A) = 10, -Ri(A) = 0.75 
and -R2(A) = 0.883. (a) Spectrum of Higgs bosons versus m^. (b) Absolute values of 
the relative couplings Rzzhi of the Higgs scalars to Z pairs, (c) Absolute values of the 
relative couphngs Rtih^ of the CP-even Higgs bosons to the top quark as a function of 
mA- Here A3(A) and A4(A) obey MPP conditions. The notations are the same as in Fig. 5. 

Fig. 8. The running of Ai(/i), A2(/i) and A(/u) in the MPP scenario which implies 
the existence of a set of vacua degenerate with respect to tan 7 at the scale A. (a) The 
renormalisation group flow of these Higgs self-couplings below A = Mpi. (b) The evolu- 
tion of Ai(/i), A2(/i) and A(/i) below A = 10 TeV. The solid, dashed and dash-dotted lines 
correspond to Ai(/i), A2(yu) and A(yu) respectively. Here we flx gb{A) = gr{A) = A5(A) = 0, 
mt{Mt) = 165 GeV and a3{Mz) = 0.117. Other parameters are specified in Table 3. 
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A 


Pt{Mt) 


pb{Mt) 




mt{Mt) 




model // 


Mpi 


1.012 


0.707 


0.391 


213 - 203 


2.39-2.09 


10^3 GeV 


1.173 


0.782 


0.586 


229 - 207 


2.05- 1.79 


10^ GeV 


1.664 


0.986 


1.287 


273 - 208 


1.56- 1.34 


model /// 


Mpi 


1.081 


— 


0.732 


220 - 208 





1013 GeV 


1.248 


— 


1.002 


237- 212 





10^ GeV 


1.754 


— 


1.868 


281 - 211 





model IV 


Mpi 


0.976 


0.949 


— 


209 - 199 





1013 GeV 


1.128 


1.107 


— 


225 - 203 





10^ GeV 


1.593 


1.578 




267 - 205 





Table 1: Predictions for pt{Mt) = {ht{Mt) / g^{Mt))\ Pb{Mt) = {h{Mt) / g^{Mt))\ 
Pr{Mt) = {hr{Mt)/ gsiMt))^ and running quark masses obtained near the quasi-fixed 
points of the RG equations at large values of tan j3, in different MPP scenarios with ap- 
proximate Peccei-Quinn and Z2-symmetries. All masses are given in GeV. The specified 
ranges of quark masses correspond to the variation of hj{A) from 10 to 1. 









R4 





-1.133 











0.883 








0.750 


-1.133 








0.750 


0.883 








0.742 


0.880 


-0.160 


0.259 


0.742 


0.880 


0.099 


-0.259 



Table 2: The six fixed points of the RG equations for gi{fJ,) — 5'2(a*) = gsip-) — and 



A 


ht{A) 


tan P 


mb{Mt) 


mi 


10^ GeV 


0.811 


49.84 


3.24 


69.0 


10^ GeV 


0.645 


47.64 


3.28 


115.7 


IO12 GeV 


0.549 


47.41 


3.18 


130.1 


lOi^ GeV 


0.480 


48.53 


2.94 


136.3 


Mpi 


0.435 


50.43 


2.61 


138.9 



Table 3: The dependence of the upper bound ruh for the lightest Higgs mass, tan (3 and 
mb{Mt) on the MPP scale, in the MPP scenario that imphes the existence of a set of vacua 
degenerate with respect to tan 7 at the scale A. The Peccei-Quinn symmetry violating 
Yukawa couplings gb{A) and gri-^), as well A5(A), are set to zero. All masses are given in 
GeV. 
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A 


ht{A) 


A5(A) 
A4(A) 




iU GeV 


noil 
U.oii 


n 
U 


act n 

by.u 


1 n4 /^„Ar 


noil 
U.oii 


n 

U.O 


TO A 




noil 
U.oii 


n o 
U.O 


'7 A O 

/4.3 


"1 n 1 , ,A ^ 


U.oii 


— (J.O 




iU IjeV 


noil 
U.oii 


n o 
—U.O 


TO n 


iU IjeV 


U.D4o 


n 
U 


1 1 T 

iio. / 


iu i^e V 


U.D40 


U.O 


1 1 7 O 

ii / .y 


10« GeV 


0.645 


0.8 


119.1 


10« GeV 


0.645 


-0.5 


117.9 


10^ GeV 


0.645 


-0.8 


119.0 


Mpi 


0.435 





138.9 


Mpi 


0.435 


0.5 


139.2 


Mpi 


0.435 


0.8 


139.2 


Mpi 


0.435 


-0.5 


139.2 


Mpi 


0.435 


-0.8 


139.2 



Table 4: The dependence of the upper bound nih for the hghtest Higgs mass on the Higgs 
self-couphngs A5(A) and A4(A) for different values of the scale A, in the MPP scenario 
that imphes the existence of a set of vacua degenerate with respect to tan 7 at the MPP 
scale. The Peccei-Quinn symmetry violating Yukawa couplings (7;, (A) and 5'r(A) are set 
to zero. The theoretical restriction on the SM-hke Higgs mass is given in GeV. 
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